Page 51-54

Note: for 15, 17, 18 and 20, assume x=0 before the code is executed.
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17) For ease of analysis, assume that n=2k for some positive integer k. Then, the value of i after k iterations is n/2k = 1, since each iteration, i gets divided by 2. Thus, the code runs k iterations. But, k = log2n, thus the number of times x=x+1 gets executed is ((lg n).

18) For ease of analysis, assume that n=3k for some positive integer k. Then, the value of j after m iterations is 3k-m. Also, notice that j assumes the values 30, 31, 32, ... 3k, on all the while loop iterations (in reverse order). Thus, x can be expressed as the sum of these different values of j:
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20) Here are the values of i at each loop iteration: 2, 4, 16, 256, ...These are 21, 22, 24, 28, ...clearly, we can see that each subsequent term is the square of the previous, so given that the kth term is 
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, which shows that the pattern continues. Thus, we can set up the following equation to solve for n:
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Thus, this code runs in 
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21) n! = 1 x 2 x 3 x ... x n

          <  n x n x n x ... x n, for all integers n > 1.

          = nn.

Thus, for n0 = 2, c0 = 1, we find that for all n ≥ n0, n! < c0(nn), proving that n! = O(nn)

22) 2n = 2 x 2 x 2 x 2...x 2

           < 2 x 2 x 3 x 4...x n, for all integers n > 2.

           = 2(n!)

Thus, for n0 = 3, c0 = 2, we find that for all n ≥ n0, 2n < c0(n!), proving that 2n = O(n!).

33) False, let f(n) = lg n and g(n) = n. Here, f(n) = O(g(n)), since lg n < n for all values of n>2. But, g(n) ( O(f(n)), since there's no constant we can multiply f(n) by to bound g(n).

39) The flaw occurs if the "constant" C" is actually growing as n grows and isn't a true constant. If it were a true constant, we could simply say the additional processing time was no more than C' again. If this is the case, the proof is valid.

Page 65-68

24) The algorithm utilizes a divide and conquer technique. To calculate an, an/2 is recursively calculated. Once this is calculated, then all that needs to be done is square the value. (If n happens to be odd, then the value has to be squared and then multiplied by a.) The reason this may be desirable is that once an/2 is calculated, very little extra work needs to be done to arrive at an. (In essence only 1 or 2 multiplications are needed instead of n/2 of them, which is what would occur if we solved the problem iteratively. Of course, the flaw in this analysis is that all multiplications do not take the same time. If an/2 is very, very large, then squaring it, which is just one multiplication may take much more time than calculating a*a. Thus, in reality, this algorithm isn't as good as it may seem, because ultimately in calculating an for large values of n, the real bottleneck is the sheer size of the answer. Nonetheless, when we shift the problem to modular exponentiation, this algorithm reaps HUGE benefits, because all multiplications, regardless of the size of their exponent really do take relatively the same time. I will explain this idea further in class.)

25) Given an exponent of value n, we end up doing 1 multiplication on top of recursively computing an exponent of value n/2, if n is even, and we do 2 multiplications if n is odd. (Technically, when n is odd, the value of the exponent in the recursive call is (n-1)/2.) Thus, it follows that cn = cn/2+1 for even n, and cn = c(n-1)/2+2 for odd n, greater than 1.

26) c1 = 0, c2 = 1, c3 = 2, c4 = 2

27) Let n = 2k and let dk = cn. Then the recurrence for d would be dk = dk-1 + 1. Given that c1 = 0, we deduce that d0 = 0. It follows that dk = k. (The recurrence above is an example of one shown in class that is really just a sum in disguise. The recurrence above is the sum of 1 from i=1 to k.) Since k = log2n, it follows that cn = log2n, when n is a perfect positive power of two.

28) c7 = c3+2 = 2+2 = 4, but c8 = c4 +1 = 2+1 = 3

29) cn  ( cn/2 + 2



cn  ( cn/2 + 1

           ( cn/4 +2+2



     ( cn/4 +1+1

           ...




     ....

           ( c1 + 2(log2n) = 2(log2n)

     ( c1 + (log2n) = 2log2n)

The odd recurrence is the worst case while the even recurrence is the best case. Applying each repeatedly leads to the best and worst case of the algorithm. In both cases we find the number of multiplications is a constant times log n. Thus, the running time of this algorithm is ((log2n).

31) T(n) = ((n2), case 1

32) T(n) = ((n), case 3

33) T(n) = ((n2), case 3

34) T(n) = ((n2lgn), case 2

35) T(n) =((n3), case 1

36) T(n) = 
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, case 3

37) T(n) = ((n2), case 1
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