Spring 2006 COP 3530 Exam #2 Solutions
Date: 3/22/06

1)  (5 pts) The greedy coin changing algorithm for minimizing the number of coins needed to make change does not work for all sets of coins. Prove that it does not always work if the valid coins are 1 cent, 3 cents, 7 cents, and 13 cents. Namely, show a specific example for which the greedy algorithm produces change that takes more coins than the actual minimum.

Oops! This isn't possible. There are a number of values for which a separate method exists to provide an equal amount of coins, but none beat the greedy strategy outright for any coin value.
2) (10 pts) It was proved in class that Dijkstra's algorithm always works if a graph only has positive edge weights. Show that the algorithm does not always work if a graph has negative edge weights. In particular, construct a specific directed weighted graph for which Dijkstra's algorithm calculates at least one incorrect shortest path. Make sure your example graph does NOT contain a negative weight cycle.

Here is the adjacency matrix for such a graph 

	
	A
	B
	C
	D

	A
	0
	2
	1
	inf

	B
	inf
	0
	-3
	inf

	C
	inf
	inf
	0
	6

	D
	inf
	inf
	inf
	0


The shortest distance from A to D should be 5, but here's what happens when you run the algorithm:

	Add to S
	A
	B
	C
	D

	
	0
	inf
	inf
	Inf

	A
	0
	2
	1
	Inf

	C
	0
	2
	1
	7

	B
	0
	2
	-1
	7

	D
	
	
	
	


3) (10 pts) Using Kruskals's algorithm, determine a minimum spanning tree (and its weight) of the graph described by the "weighted" adjacency matrix below:

	
	A
	B
	C
	D
	E
	F
	G
	H

	A
	0
	8
	6
	12
	(
	(
	(
	(

	B
	8
	0
	3
	9
	15
	7
	(
	4

	C
	6
	3
	0
	5
	4
	8
	12
	10

	D
	12
	9
	5
	0
	6
	(
	(
	11

	E
	(
	15
	4
	6
	0
	4
	9
	7

	F
	(
	7
	8
	(
	4
	0
	13
	14

	G
	(
	(
	12
	(
	9
	13
	0
	11

	H
	(
	4
	10
	11
	7
	14
	11
	0


In your answer below, list the order in which each edge is considered, and whether or not it's added to the MST.  Always consider edges that have the same weight in "alphabetical order." Namely, consider edge BF before edge CD. Also, always name edges with the earlier letter first. Thus, don't name an edge FB or DC. List all the edges in the final MST as well as the sum of the weights of those edges. (Note: This adjacency matrix represents and undirected graph. Thus, the edge weight from a vertex X to a vertex Y is the same as the edge weight from vertex Y to vertex X.) Please use the chart below:

	Edge Considered
	Added? (Yes/No)
	Reason Not Added

	BC
	Yes
	

	BH
	Yes
	

	CE
	Yes
	

	EF
	Yes
	

	CD
	Yes
	

	AC
	Yes
	

	DE
	No
	Cycle-CDEC

	BF
	No
	Cycle-BCEFB

	EH
	No
	Cycle-BCEHB

	AB
	No
	Cycle-ABCA

	CF
	No
	Cycle-CEFC

	BD
	No
	Cycle-BCDB

	EG
	Yes
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


MST weight = 35
(Note: You may not use all of the rows provided above.)
4) (10 pts) Determine the longest common subsequence between the two strings "EVANESCENCE" and "NANOSCIENCE." In order to receive full credit, you must fill out the table below as shown in class. Also, reconstruct a subsequence of maximal length.

	
	E
	V
	A
	N
	E
	S
	C
	E
	N
	C
	E

	N
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1

	A
	0
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	N
	0
	0
	1
	2
	2
	2
	2
	2
	2
	2
	2

	O
	0
	0
	1
	2
	2
	2
	2
	2
	2
	2
	2

	S
	0
	0
	1
	2
	2
	3
	3
	3
	3
	3
	3

	C
	0
	0
	1
	2
	2
	3
	4
	4
	4
	4
	4

	I
	0
	0
	1
	2
	2
	3
	4
	4
	4
	4
	4

	E
	1
	1
	1
	2
	3
	3
	4
	5
	5
	5
	5

	N
	1
	1
	1
	2
	3
	3
	4
	5
	6
	6
	6

	C
	1
	1
	1
	2
	3
	3
	4
	5
	6
	7
	7

	E
	1
	1
	1
	2
	3
	3
	4
	5
	6
	7
	8


A subsequence of maximal length: ANSCENCE
5) (10 pts) Determine the number of ways to make change for 14 cents using 2 cent, 3 cent, 5 cent and 6 cent coins. In order to get full credit, you must completely fill out the table below as was shown in class.

	
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14

	2
	1
	0
	1
	0
	1
	0
	1
	0
	1
	0
	1
	0
	1
	0
	1

	3
	1
	0
	1
	1
	1
	1
	2
	1
	2
	2
	2
	2
	3
	2
	3

	5
	1
	0
	1
	1
	1
	2
	2
	2
	3
	3
	4
	4
	5
	5
	6

	6
	1
	0
	1
	1
	1
	2
	3
	2
	4
	4
	5
	6
	8
	7
	10


6) (10 pts) In the integer multiplication algorithm, we reduced the work of computing four recursive multiplications to three. Consider a similar problem for multiplying complex numbers a+bi and c+di. Typically we would formulate 4 real-number multiplications to obtain our result: ac, ad, bc and bd. Describe a method that can be used to compute the same final product that only uses three multiplications. (Note, 
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, thus, (a+bi)(c+di) = (ac-bd) + (ad+bc)i.)
M1 = (a+b)(c+d) = ac+ad+bc+bd, M1 – M2 – M3 = ac+ad+bc+bd – ac – bd = ab+bc
M2 = ac

M3 = bd

(a+bi)(c+di) = (M2 – M3) + (M1– M2 – M3)i

7) (20 pts) You have a set A of n nuts and a set B of n bolts, such that each nut in A has a unique matching bolt in B. Unfortunately, the nuts in A all look the same, and the bolts in B all look the same as well. The only kind of a comparison that you can make is to take a nut-bolt pair (a,b) such that a
[image: image2.wmf]Î

A, and b
[image: image3.wmf]Î

B, and test to see if the threads of a are larger, smaller or a perfect match with the treads of b. Describe an efficient algorithm to match up all of the nuts in set A with all of the bolts in set B. What is the worst-case running time of this algorithm, in terms of the total number of nut-bolt tests it runs? Prove your result.
Match (A , B) {

  1) If A and B contain one element, just match them and finish. Else continue.

  2) Pick a nut at random, let this nut be a.

  3) Compare each bolt to a. 

       i) Place each smaller bolt in a set BL.

       ii) Place each larger bolt in a set BH.

       iii) If it matches, set aside this particular bolt and label it b.

   4) Compare every other nut (except a) to b.

       i) Place each smaller nut in a set AL.

       ii) Place each larger nut in a set AH.

   5) recursively call Match(AL, BL)

   6) recursively call Match(AH, BH)

}

This works very similar to QuickSort, but you just have to do the partition twice, and the element you partition on is the "opposite" type of object since direct comparisons between like objects is disallowed. The run time of this is just like quick sort as well, since the only difference is that you run partition twice, but doing so still takes O(n) time, when there are n elements to be sorted. Thus, in the worst case this takes O(n2) time, but in the average case, it takes O(nlgn) time.

8) (20 pts) The longest ascending subsequence problem is as follows: Given a sequence of numbers a0, a1, a2, … an-1, determine the longest subsequence b0, b1, b2, … bk-1, such that b0 < b1 < b2< … < bk-1. Give an algorithm to solve this problem, and give with proof, the running time of the algorithm in terms of n, the length of the input sequence. (Hint: You may adapt one of the algorithms we have learned in class.)
1. Copy the sequence a0, a1, a2, … an-1, into the sequence c0, c1, c2, … cn-1.

2. Merge-Sort(c0, c1, c2, … cn-1).
3. Remove duplicates from c0, c1, c2, … cn-1 to create c0, c1, c2, … cm-1.
4. Return LCS(Sequence(a0, a1, a2, … an-1), Sequence(c0, c1, c2, … cm-1)
Step 1 takes O(n) time. Step 2 takes O(nlgn) time, Step 3 takes O(n) time, and Step 4 takes O(mn) which is also O(n2) time since m <= n.

Now, to see why this works: Our final answer must be an ascending sequence. If we run LCS with an ascending sequence, which c0, c1, c2, … cm-1, is, we guarantee that any possible common subsequence must ALSO be ascending. Furthermore, by running LCS with a0, a1, a2, … an-1, we ensure that any possible common subsequence must be a subsequence of the original input sequence. Since the sequence c0, c1, c2, … cm-1 contains all possible values from a0, a1, a2, … an-1, it is impossible that the LCS algorithm will miss any valid subsequences of the original sequence that are ascending.
9) (5 pts) During what month does a majority of the basketball phenomenon known as "March Madness" take place?  March
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