Spring 2006 COP 3530 Exam #1 Solution

Date: 2/8/06

1)  (8 pts) What is the running time in terms of n of the following method if we assume that the running time of the method pow(int n) is O(n) and the running time of the method add(BigInteger n) is O(1)? Justify your answer.

public BigInteger Sum(int n, String base) {

  
  BigInteger total = new BigInteger(“0”);

     BigInteger x = new BigInteger(base);

  
  for (int i=2; i<=n; i++) {

       BigInteger term = x.pow(i);

       total.add(term);

     }

     return total;

}

The run time of the method call pow(i) is O(i) while the run time of the method call add(term) is O(1). Thus, the overall run time is the following sum:


[image: image1.wmf]å

=

+

n

i

O

i

O

2

))

1

(

)

(

(

.

Let c maximum of the hidden constants in any of the Big-Oh expressions above. Then we find the following:
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Grading: 2 points for pointing out the individual run-times of the single statements inside of the loop, 2 points for setting up the sum, 3 points for solving the sum, 1 pt for the Big-Oh simplification at the end

2) (6 pts) What is the run-time of the following segment of code in terms of n? Give an upper bound and justify it.

int i=1;

while (i <= n) {

  int j = i;

  while (j > 0)

    j = j/2;

  i++;

}

Since the inner loop does repeated halving, it will run at most log2n times, since i is always less than or equal to n. The outer loop runs n times, so an upperbound on the run-time is O(nlgn). To show that this code is also Θ(nlgn), we could observe that for the last n/2 iterations, the value of  i is greater than or equal to n/2, thus the inner while loop runs at least log2(n/2) times which is equal to log2n-1. Furthermore, it runs at least that many times on n/2 iterations. So, at minimum, that inner loop runs a total of 
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 times, proving the Θ bound.

Grading: To get full credit, only the upper bound must be established. 3 points for showing that the inner loop will never run more than lg n times, 2 points for showing that the outer loop will run n times, and 1 point to put it together.

3) (6 pts) What is the run-time of the following segment of code in terms of n? Give an upper bound and justify it.

int i=n, j, k, total=0;

while (i > 0) {

  for (j=0; j<i; j++)

    for (k=0; k<i; k++) // Corrected from typo on the exam.

      total++;

  i = i/4;

}

Clearly, the line total++; will run exactly i2 times, since both inner nested loops run exactly i times. Furthermore, i starts at n, and assumes smaller and smaller values, by geometric progression. The sum that is an upper bound for how many times the statement totall++; runs is
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Grading: 1 pts for i2 observation, 2 pts for which values i obtains, 2 pts for the sum, 1 pt for the Big-Oh simplification.

4) (10 pts) Determine a closed form solution for the following recurrence relation using the method shown in class:

T(n) = 2T(n-1) + 15T(n-2), for n > 2, T(1) = 9, T(2) = 93

Guess T(n) = an.

an = 2an-1 + 15an-2
an - 2an-1 - 15an-2 = 0

an-2(a2-2a-15) = 0

an-2(a-5)(a+3) = 0

So, a = 5 or a = -3.

General Solution is T(n) = c5n + d(-3)n, where c and d are constants.

Use the initial conditions to solve for c and d:

T(1) =   5c - 3d = 9

T(2) =25c + 9d = 93

          15c  - 9c  = 27

          -----------------

           40c        = 120

               c        = 3,

               d        = 2

Thus, the final solution is T(n) = 3(5n) + 2(-3)n.

Grading: 3 points for solving the characteristic equation. 2 points for writing out the general solution, 2 points for setting up the correct system of equations. 2 points for solving those equations, 1 point for writing out the final answer.

5) (4 points) Solve the following two recurrences using the Master Theorem:

a) T(n) = 3T(n/3) + O(n)




T(n) = O(nlgn)

b) T(n) = 5T(n/2) + O(n2)




T(n) = O(n^(log25))

Grading: Each 2 points all or nothing.

6) (15 pts) Given that 
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show that 
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Grading: For induction, give 12 points. 

For this sort of solution, give 3 points for multiplying the sum by 2, 3 points for subtracting this new equation from the original,  2 points for recognizing that the resulting sum is the given one, 2 points for plugging in the given information, 2 points for completing the question.

Let G an unweighted, undirected graph described by the adjacency matrix below. Assume that the vertices are labeled 1 through 11, and the matrix below stores the information about vertex i in row i. (For example, vertex 6 connects to vertices 10 and 11.)

0 1 1 0 0 0 0 0 0 0 0

1 0 0 1 1 0 1 0 0 0 0

1 0 0 0 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 1 1

0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 1

0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0

0 0 1 0 0 1 0 1 0 0 0
7) (8 pts) Run a depth first search on G starting at vertex 3. When you have a choice of which vertex to visit next, always visit the vertex with the smallest possible number. In what order are the nodes visited in this depth first search?

3, 1, 2, 4, 5, 9, 7, 11, 6, 10, 8

Grading: 1 point for having the 1,2,4,5,9,7 sequence before 11,6,10,8, 

4 points for the correct ordering of the 1,2,4,5,9,7 sequence.

3 points for the correct ordering of the 11,6,10,8 sequence.

If either of these two sequences are intermixed, maximum 3/8.

8) (8 pts) Run a breadth first search on G starting at vertex 11. When you have a choice of which vertex to visit next, always visit the vertex with the smallest possible number. In what order are the nodes visited in this breadth first search?

11, 3, 6, 8, 1, 10, 2, 4, 5, 7, 9

Grading: 4 points for having all the groups correct by distance: 

(11) (3 6 8) (1 10) (2) (4 5 7) (9)

4 points for the order within each of the groups.

9) (10 pts) A 3x3 Magic Square contains the each integer in between 1 and 9 exactly once. Furthermore, each row, column and diagonal add to 15. Use the backtracking technique to complete the following incomplete Magic Square. Here are the rules to following in tracing your algorithm:

1) Always fill in forced squares first. (These are ones where the other two squares in the row, column or diagonal are already filled in.)

2) If there are multiple forced squares, fill them in order from top to bottom, left to right.

3) Backtrack when a square is impossible to fill. (This occurs when the square is forced, but the value you would have to place in it is already used, or an illegal value, OR if the value you place in it satisfies one row, but not another.)

4) If no square is forced, fill in the next square (in top to bottom, left to right order) with the smallest unused integer in between 1 and 9, inclusive.

Starting Square:
8   1   _




_   _   _




_   _   _




(force)         (first choice)   (force)        (force)    (force) (force10)

8   1   _

8  1  6
         8  1  6
         8  1  6          8  1  6        8  1  6

_   _   _
---->    _  _  _  ----> 2  _  _ ---->      2  _  _  --->  2  4  _ --->2  4  9 -->NO
_   _   _

_  _  _
         _  _  _              5  _  _          5  _  _        5  _  _

Then, we backtrack to the first place we made a choice:



       (second choice)   (force)        (force)    (force)       (force)    (force)

8   1   _

8  1  6
            8  1  6          8  1  6        8  1  6      8  1  6     8  1  6

_   _   _
---->    3  _  _ ---->     3  _  _  --->  3  5  _ ---> 3  5  7 -->3  5  7-->3  5  7

_   _   _

_  _  _              4  _  _          4  _  _        4  _  _      4  9  _     4  9  2

Grading

1 point for the 6 force.

2 points for the 2 choice in the correct spot.

3 points for the next three forces and getting stuck (take off 1 point if in wrong order)

2 points for plugging in 3 in the correct spot for the backtrack

2 points for filling in the rest (1 point if in wrong order)

10) (20 pts) An evil king has a cellar containing n bottles of expensive wine, and his guards have just caught a spy trying to poison the king's wine. Fortunately, the guards caught the spy after he succeeded in poisoning only one bottle. Unfortunately, they don't know which one. To make matters worse, the poison the spy used was very deadly; just one drop diluted even a billion to one will still kill someone. Even so, the poison works slowly; it takes a full month for the person to die. Design a scheme that allows the evil king to determine exactly which of his wine bottles was poisoned in just one month's time. Your goal is to minimize the number of taste testers used. (Note: Each tester can drink from as many bottles as you would like them to.) Devise your algorithm, prove that it works, and show exactly the number of taste testers used, and how many of them you would expect to die.

Optimal solution: O(lg n).

Label each bottle with a binary number using lg n bits. (Technically, it would be ceiling(lg (n+1)) bits.)

Then, get exactly that many tasters, the number of bits used to represent all the bottles. Each taster is assigned a bit number. For example, one taster would be assigned the least significant bit or the 20 bit. The next taster, the 21 bit, etc. Each taster will taste the bottles of wine for which the label of the bottle has their particular bit turned to 1. Thus, many tasters will taste multiple bottles of wine. (Most of them will taste about half of the bottles, since each individual bit is 1 about half the time and 0 the other half the time.)

Wait a month. Place the tasters in order based on which bits they were assigned. Then, watch them die in place. All the places with dead tasters indicate a 1 in the binary label of the poisoned bottle. All the places with tasters that are alive indicate a 0 in the binary label of the poisoned bottle.

Why this works: Each bottle is tasted by a different subset of the tasters. The particular subset of tasters for a given bottle is uniquely identified by the binary code of that bottle. Since each taster is assigned a particular bit, once we know the outcome of each taster, there's only one bottle that could have killed the exact combination of tasters that actually gets killed.

Here's an example.

Let n = 13, so that the bottles are labeled 0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111, 1000, 1001, 1010, 1011, and 1100.

There are four tasters, t0, t1, t2 and t3.

t0 tastes 0001, 0011, 0101, 0111, 1001, and 1011

t1 tastes 0010, 0011, 0110, 0111, 1010, and 1011

t2 tastes 0100, 0101, 0110, 0111 and 1100

t3 tastes 1000, 1001, 1010, 1011, and 1100

For this example, let's say that tasters t3 and t1 die. The only wine bottle that could have caused this outcome is the bottle labeled 1010, which is the bottle that both t3 and t1 tasted, but t2 and t0 didn't.

Thus, the total number of tasters necessary is ceiling(lg (n+1)) = O(lg n).

On average, about half of these tasters are going to die, because in most sets of consecutive numbers starting from 0, about half the bits are set to 1.

Grading (Maximums):

O(n) solution: 5 points

o(n) and ω(
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) solution: 10 points

O(
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) solution: 15 points

O(lg n) solution: 20 points

1/2 of the credit is for the description of the algorithm

1/2 of the credit is for explaining why it would work and justifying the number of tasters used.
11) (5 pts) What beer  is the primary sponsor of the Budweiser Shootout? Budweiser

(Also accept Anheuser-Busch =))

_1201015902.unknown

_1201017189.unknown

_1201017203.unknown

_1201017265.unknown

_1201018713.unknown

_1201018741.unknown

_1201017293.unknown

_1201017243.unknown

_1201017195.unknown

_1201016889.unknown

_1201017177.unknown

_1201016810.unknown

_1201015351.unknown

_1201015696.unknown

_1200901808.unknown

_1201015305.unknown

_1200901757.unknown

