COP 3530 – Homework Problems #1 – Summer 2002

SOLUTION KEY

1. Shown below is a BST which is unbalanced.  Use the DSW algorithm to create a perfectly balanced version of this tree.  Show all intermediate steps in both the creation of the backbone as well as the rotations that will occur to convert the backbone into the perfectly balanced tree.



Part 1: Establishing the backbone.  To see the creation of the backbone, see page 10.



Part 2: Perform required number of initial rotations.



There are 12 nodes in this tree so n = 12.



m = 2 (log2(n+1)( - 1;  m = 2 (log2(12+1)( - 1 = 23-1 = 7



Perform a total of n – m = 12 – 7 = 5 initial rotations on the backbone.


Rotating about these nodes (children of the rotation point are highlighted in the backbone above) produces the following backbone.



The backbone after the initial rotations

Part 3:  Perform required number of rotations to perfectly balance the tree.  Since m=7 and its value is halved after every rotation and rotation stops when m=1, we will perform a total of 4 rotations (when m = 7 do 3: 35 about 25, 55 about 40, and 70 about 65, when m = 3 do 1: 55 about 35).  


First 3 rotations


Last rotation 55 about 35.



Resulting perfectly balanced tree.

2. For the AVL tree shown below, perform the necessary rotations to balance the tree assuming a new node containing 35 is inserted into the tree.  For each rotation that is required identify the type of rotation, i.e., right, left, or double.  Show the balance factors at every node before and after the rotation.  Draw the resulting AVL tree.


Insertion of new node 35 unbalances the tree at node 60 (the grandparent of the new node) as well as at the root (the great-grandparent of the new node).


First rotation is 40 about 60 (the first unbalanced point working from the new node backwards along the path to the root).  This is a right rotation that will produce the following tree.









The single right rotation has restored balance in the tree and we are finished.

3. For the AVL tree shown below, perform the necessary rotations to balance the tree assuming the node containing 60 is deleted from the tree.  For each rotation that is required identify the type of rotation, i.e., right, left, or double.  Show the balance factors at every node before and after the rotation.

Deletion of node 60 will physically replace 60 with node containing 50.  The resulting tree is shown below with the balance factor of each node shown adjacent to the node.


An imbalance has occurred at node 40 due to the deletion in its right subtree.  A right rotation of 30 about 40 will  restore balance.  This is shown in the next tree.











Tree now balanced.

4. For the red-black tree shown below, determine the type of imbalance that will occur if a new node containing 70 is inserted into the tree.  Perform and describe the action that must be performed to rebalance the tree in this case.


Insertion of the new node containing 70 results in the tree shown below which violates property #3 as there are now two consecutive red nodes a path from the root to the external nodes whose parent in 70.


The type of imbalance that has occurred is: RLr (pu is a right child of gu, u is a left child of pu, and the other child of gu (the left child in this case) is red.  Imbalances of this type are handled by color changes.  In this case, pu changes from red to black, the other child (the left child) of gu changes from red to black and gu changes from black to red.  This is illustrated in the next tree.












5. For the red-black tree shown below, determine the type of imbalance that will occur if the node containing 70 is deleted from the tree.  Perform and describe the action that must be performed to rebalance the tree in this case.


The deletion of node 70 results in the following tree, which is red-black imbalanced as property #4 is violated.


Recall from the notes that y is the node which takes the place of the deleted node in the resulting tree.  The type of imbalance that has occurred is: LB1.  (y is a left child of its parent, its sibling (85) is black and its sibling has one red child).  Imbalances of this type are resolved using rotations.  As shown in the tree below a left rotation of 85 about 80 (v about its parent py) restores red-black balance to the tree.


Generation of the backbone for problem #1.


Initial BST


Tree after first rotation of 15 about 25.


After rotation of 30 about 35.


After rotation of 15 about 40.


After rotation of 15 about 45.


After rotation of 60 about 65.


After rotation of 60 about 70.


After final rotation of 60 about 85.

Kind of a long way to go to produce a sorted list wasn’t it!
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