
Introduction

Before we go any further into exploring algorithms that handle searching and sorting you need to be sure that you can trace the execution of an algorithm (code) in order to understand how the algorithm performs its operations.  The first section of these notes deals with tracing code and showing a technique for doing it thoroughly.  

Tracing Code
How do you determine if an algorithm is correctly solving the problem for which it was designed? How do you know that the decisions that algorithm makes are the correct ones?  As an algorithm designer you must learn the art of code tracing.  In other words, you must act just like a computer and execute the algorithm in the same step-by-step fashion by which the computer will execute the problem.  To do this correctly, you cannot impose your knowledge of the problem or the design of the algorithm on the execution process.  In other words, don’t try to see your way to the solution or skip some of the steps that the algorithm will make because you can tell what’s going to happen.  This is a sure-fire way to develop an algorithm which will not be correct.  In order to properly trace the execution of an algorithm you must act like a computer and on a sheet of paper draw a box for each variable which is declared in the algorithm.  The set of boxes that you construct will play the role of the computer memory in your trace.  As the values in the boxes change due to the execution of statements in the algorithm you are reflecting the changes of state that occur in the computer’s memory as the algorithm executes.  Begin by executing the statements of the algorithm in exactly the same manner that the computer would execute them and maintaining the state of the memory by correcting changing the values of the variables in their corresponding boxes.   At the end of the execution of the algorithm, the values in the boxes will reflect the final state of the memory and thus the final values in each of the variables.  As the trace is performed all I/O operations are effected just as the computer would do.  Thus, read statements will consume input values and make the corresponding assignments while print statements will produce the output of the algorithm as it executes.  Below are the final set of examples in this set of notes which give examples of tracing the execution of algorithms.

Example 1
In the algorithms below the numbers preceding each line are for reference purposes only and are not part of the algorithm.

1  void main ( ) {

2
int numbers [10];

3
int i, k, total;

4
//read in the numbers

5
for (i=0; i<=9; i++)

6        {

7

printf(“Enter your number:\n” );

8

scanf(“%d”, &numbers[ i ]);

9
}

10
//sum the numbers

11
total = 0;

12
for (k=0; k <=9; k++)

13
{

14

total = total + numbers[ k ];

15
}

16
printf(“The sum of your numbers is: %d  .\n“, total);

17 }

The trace
Suppose the input is:  2, 4, 6, 8, 10, 12, 14, 16, 18, 20

Statements 1 through 4 are either comments or defining variables

Statement 5 begins a loop which ends at line 9 – which does the following:

	iteration
	line 5
	line 6
	line 7

	1
	i = 0
	Enter your number
	numbers[0] = 2

	2
	i = 1
	Enter your number
	numbers[1] = 4

	3
	i = 2
	Enter your number
	numbers[2] = 6

	4
	i = 3
	Enter your number
	numbers[3] = 8

	5
	i = 4
	Enter your number
	numbers[4] = 10

	6
	i = 5
	Enter your number
	numbers[5] = 12


	iteration
	line 6
	line 7
	line 8

	7
	i = 6
	Enter your number
	numbers[6] = 14

	8
	i = 7
	Enter your number
	numbers[7] = 16

	9
	i = 8
	Enter your number
	numbers[8] = 18

	10
	i = 9
	Enter your number
	numbers[9] = 20


Graphically, when the loop on line 6 terminates, the “memory” looks like:

numbers array

	index
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	value
	2
	4
	6
	8
	10
	12
	14
	16
	18
	20


total  


i 

    k

All of total, i, and k are undefined at this point in the algorithm

Statement 10 is a comment

Statement 11:  assigns total the value of 0

Statement 12 begins a for-loop that ends at statement 15

	iteration
	line 12
	line 13

	1
	k = 0
	total = 0 + 2 = 2

	2
	k = 1
	total = 2 + 4 = 6

	3
	k = 2
	total = 6 + 6 = 12

	4
	k = 3
	total = 12 + 8 = 20

	5
	k = 4
	total = 20 + 10 = 30

	6
	k = 5
	total = 30 + 12 = 42

	7
	k = 6
	total = 42 + 14 = 56

	8
	k = 7
	total = 56 + 16 = 72

	9
	k = 8
	total = 72 + 18 = 90

	10
	k = 9
	total = 90 + 20 = 110


Loop terminates.

Statement 16 prints:  The sum of your numbers is: 110.

The final state of the memory looks like the following:

Numbers array

	index
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	value
	2
	4
	6
	8
	10
	12
	14
	16
	18
	20


total  


i 

    k




i is undefined

Example 2
Assume that we have an array named X which contains the values shown below.  What are the values in every variable that appears in this algorithm after the loop has completed?  Determine your answers by tracing the algorithm’s execution.

Array X

	index
	0
	1
	2
	3
	4
	5

	value
	4
	2
	6
	1
	5
	3


0 void main ( ) {

1 int  a = 0, b = 0;

2 int  i= 0, j= 5;

3
do


4

if (X[ i ] < X[ j ]){

5

 
b = b + X[ j ];

6


j = j – 1; 

7

}

8

else  {

9               

a = a + X[ i ];

10 i = i + 1;

11

}

12
while ( i <= j);

13 }


Statements 1 and 2 effect the following:



a 

      b


i

j

enter loop at statement 3

statement 4:  test is: (X[0] < X[5])  (4 < 3?) evaluation is FALSE

statement  9:   



a 

a = a + X[0]

statement 10: 



i 

i ( i + 1

statement 12:  exit condition tested:  (i <= j) (1 <= 5?) evaluation is TRUE

loop iterates second time:
statement 4:  test is (X[1] < X[5])  (2 < 3?) evaluation is TRUE

statement 5:  



b 

b ( b + X[5]

statement 6: 



j

j ( j - 1

statement 12: exit condition tested: (i <= j)  (1 <= 4?) evaluation is TRUE

loop iterates third time:

statement 4:  test is (X[1] < X[4])  (2 < 5?) evaluation is TRUE

statement 5:  



b 

b ( b + X[4]

statement 6: 



j

j ( j – 1 

statement 12: exit condition tested: (i <= j)  (2 <= 3?) evaluation is TRUE

loop iterates fourth time:

statement 4: test is (X[1] < X[3])  (2 < 1?) evaluation is FALSE

statement  9:   



a 

a ( a + X[1]

statement 10: 



i 

i ( i + 1

statement 12:  exit condition tested: (i <= j)  (2 <= 3?) evaluation is TRUE

loop iterates fifth time:

statement 4:  test is (X[2] < X[3])  (6 < 1?) evaluation is FALSE

statement  9:   



a 

a ( a + X[2]

statement 10: 



i 

i ( i + 1

statement 12:  exit condition tested: (i <= j)  (3 <= 3?) evaluation is TRUE

loop iterates sixth time:

statement 4:  test is (X[3] < X[3])  (1 < 1?) evaluation is FALSE

statement  9:   



a 

a ( a + X[3]

statement 10: 



i 

i ( i + 1

statement 14:  exit condition tested: (i <= j)  (4 <= 3?) evaluation is FALSE

loop terminates

The final values in the variables are:

Array X remains unchanged


a

     b


i


j
Did you get these final values when you traced the algorithm’s execution?  If you did, congratulations! you’ve successfully traced the execution of the algorithm.  If you didn’t, try it again and this time be more careful!  A common mistake when tracing algorithm execution is to use an array index as the value in the array rather than the value that is at that index position in the array.  Perhaps this is where you made your mistake, so try it again.

Big-Oh Notation (O)
Notation: f(n) = O(g(n)) [read as f(n) is big-oh of g(n)] means that f(n) is asymptotically smaller than or equal to g(n).

Meaning:  g(n) establishes an upper bound on f(n).  The asymptotic growth rate of the function f(n) is bounded from above by g(n).


         t(




        cg(n)





  m
















   f(n)









n(


g(n) is an upper bound on f(n)

In this graph, f(n) and g(n) are simply functions which describe the asymptotic behavior of their corresponding algorithms.  The variable n refers to the size instance of the problem while the variable t represents time.

Searching

Searching is a fundamental operation to which computers are applies every day.  As we saw last time, searching an array of elements when the array is unsorted requires us to examine, on the average, half of the elements in the array to find the search element.

Sequential Search
· Does not require the array (or in general, the search space) to be sorted.

· “Brute-force” searching technique.

	Sequential Search

	best case
	need to look at only 1 element
	O(1)

	average case
	need to look at ½ the elements
	O(N)

	worst case
	need to look at all n elements
	O(N)


Binary Search
· An application of the “divide and conquer” strategy.

· Requires the array (search space) to be sorted.

· Basic technique is to compare the search element with the element which is in the middle of the search space and then to restrict further searching into the appropriate half of the search space (this can be done because the search space is sorted).  Then at each step, the process is repeated (cutting the remaining search space in half at each step) until either the search element is found or we’ve run out of elements to compare and the element was not in the search space.

	Binary Search

	best case
	need to look at only 1 element
	O(1)

	average case
	need to look at log2(n) elements
	O(log2 n)

	worst case
	need to look at log2(n)+1 elements
	O(log2 n)


Binary Search Algorithm
· Several slightly different versions of the binary search can be written.

· Loop invariant:  The search value (sometimes called the target value), provided it is present in the search space will be found between the indices low and high inclusively.

· Termination condition:  Either the target value is found or at most one item is left in the array to be search.  Initially, low index = 0, and high = Size – 1.  The loop should terminate whenever high <= low, provided it has not terminated earlier on a success.



Binary Search Algorithm

· When high == low, the algorithm iterates one more time.

	index
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	value
	3
	5
	7
	9
	10
	13
	15
	17
	19
	25


Trace the algorithm if the target value is 19.  

Trace the algorithm if the target value is 14.

Recursive Binary Search 


Sorting
Selection Sort
Selection sort is an attempt to localize the exchanges of array elements by finding a misplaced element first and putting it in its final place.  The element with the lowest value is selected and exchanged with the element in the first position.  Then for the remaining elements the smallest value is found and interchanged with the second position in the array, and so on.

Example – Selection Sort

Initial array

	7
	5
	2
	3
	1
	4
	6


First swap produces (underlined cells indicate sorted portion of the array)

	1
	5
	2
	3
	7
	4
	6


Second swap produces

	1
	2
	5
	3
	7
	4
	6


Third swap produces

	1
	2
	3
	5
	7
	4
	6


Fourth swap produces

	1
	2
	3
	4
	7
	5
	6


Fifth swap produces

	1
	2
	3
	4
	5
	7
	6


Sixth swap produces – completes sort

	1
	2
	3
	4
	5
	6
	7


Bubble Sort
A bubble sort is best envisioned with a vertical array whose smallest elements are at the top and whose largest elements are at the bottom.  The array is scanned from the bottom up, and two adjacent elements are interchanged if they are found to be out of order with respect to each other.  In this fashion the smallest element is bubbled to the top of the array (the first position).  However, this is only the first pass through the array.  The array is scanned again comparing consecutive items and interchanging them when needed.  The second time however, the last comparison is done for data[2] and data[1] since the smallest element is already in position data[0].  This process continues until the last pass when only one comparison between data[n-1] and data[n-2] and the possible interchange occurs.  

Example – Bubble Sort

Initial Array

	7
	5
	2
	3
	1
	4
	6


After pass 1 (sorted portion of the array shown in green)

	1
	7
	5
	2
	3
	4
	6


After pass 2 (note the change in order of the various data elements)

	1
	2
	7
	5
	3
	4
	6


After pass 3

	1
	2
	3
	7
	5
	4
	6


After pass 4

	1
	2
	3
	4
	7
	5
	6


After pass 5

	1
	2
	3
	4
	5
	7
	6


After pass 6 – sort completed

	1
	2
	3
	4
	5
	6
	7


Bubble Sort Algorithm


Insertion Sort
Insertion sort is one of the simplest sorts known.  In the worst case its running time will be O(N2) – which will occur when the array to be sorted is already sorted but in the reverse order (i.e., want ascending order and array is in descending order or vice versa).  An insertion sort starts by considering the first two elements of the array data, which are data[0] and data[1].  If they are out of order, an interchange takes place.  Then, the third element, data[2], is considered and inserted into its proper place.  If data[2] is less than data[0] and data[1], these two elements are shifted by one position: data[0] is placed at position 1, data[1] at position 2, and data[2] at position 0.  If data[2] is less than data[1] and not less than data[0], then only data[1] is moved to position 2 and its place is taken by data[2].  If, finally, data[2] is not less than both its predecessors, it stays in its current position.  Each element data[i] is inserted into its proper location j such that 0 ( j ( i, and all elements greater than data[i] are moved by one position.

Example – Insertion Sort
Initial Array

	7
	5
	2
	3
	1
	4
	6


After pass 1 (sorted portion in blue – unexamined portion in yellow)

	5
	7
	2
	3
	1
	5
	6


After pass 2

	5
	7
	2
	3
	1
	5
	6


After pass 3 (ith pass has i elements sorted)

	2
	5
	7
	3
	1
	4
	6


After pass 4

	2
	3
	5
	7
	1
	4
	6


After pass 5

	1
	2
	3
	5
	7
	4
	6


After pass 6

	1
	2
	3
	4
	5
	7
	6


After pass 7 – sort completed

	1
	2
	3
	4
	5
	6
	7


As mentioned before the worst case time for this algorithm is O(N2) but the best case time will be O(N) which occurs when the input array is already sorted in which case the inner for loop condition will fail at every test and thus it never loops leaving the outer loop to iterate N times.  The average case requires a bit more analysis to determine which we will now examine.

An inversion in an array of numbers is any ordered pair (i, j) such that i<j but Ai > Aj, where i,j are index values and A is the array name. An inversion is basically any pair of numbers not in proper sorted order (assume ascending order).  As an example, consider the array:  {8  5  9  2  6  3}.  This array contains 10 inversions which are: (8,5) (8,2) (8,6) (8,3) (5,2) (5,3) (9, 2) (9,6) (9,3) (6,3).  In general, if an array contains I inversions then I swaps will be required to sort the array.  Interchanging the location of the two elements in any inversion removes one inversion from the total number of inversions in the array.  This can be seen (see the example array above) by interchanging the 8 and the 5 element in the example, which produces: {5  8  9  2  6  3} and the resulting array contains only nine inversions which are: (8,2) (8,6) (8,3) (5,2) (5,3) (9, 2) (9,6) (9,3) (6,3).  It is important to understand what is occurring during each “pass” of this sort.  The example below illustrates not only the sorting technique but identifies the inversions that are removed during each pass.

	Array Position
	Inversions Processed
	0
	1
	2
	3
	4
	5

	initial state
	
	8
	5
	9
	6
	2
	3

	after a[0..1] is sorted
	(8,5)
	5
	8
	9
	6
	2
	3

	after a[0..2] is sorted
	none
	5
	8
	9
	2
	6
	3

	after a[0..3] is sorted
	(9,2) (8,2) (5,2)
	2
	5
	8
	9
	6
	3

	after a[0..4] is sorted
	(9,6) (8,6) 
	2
	5
	6
	8
	9
	3

	after a[0..5] is sorted
	(9,3) (8,3) (6,3) (5,3)
	2
	3
	5
	6
	8
	9


Insertion sort example – shaded area is the sorted portion of the array after the step
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void BubbleSort (int L[ ], int n)


	{


	    int pass, index, temp;


	    int  exchange;


	    pass = 0;


	    exchange = 1;


	    // make up to n-1 passes through the array.


	    // exit early if no exchanges are made on previous pass.





	    while ((pass < n-1) && exchange)


	    {


		exchange = 0;


		pass++;


		for (index = 0; index <= n-pass; index++)


			if (L[index] > L[index+1])


			{


				temp = L[index];


				L[index] = L[index+1];


				L[index+1] = temp;


				exchange = 1;


			}


		}  //end while


	}








int  RecBinarySearch( int numbers[ ], int target, int low, int high)


{


	int mid;





	mid = (low + high)/ 2;





  if (low > high)


		return 0;


	else if (numbers[mid] == target)


		return 1;


	else if (target < numbers[mid])


		return RecBinarySearch(numbers, target, low, mid-1);


	else


		return RecBinarySearch(numbers, target, mid+1, high);


}








int 	high, low, mid;   //mid will be the index of the target if it is found


int	L[SIZE];	//the array to be searched


int 	value, found;





high = SIZE – 1;


low = 0;


found = 0;


while (!found && high >= low)


{


	mid = (high + low)/2;


	if (L[mid] == value)


		found = 1;


	else if (value < L[mid])


		high = mid –1;  //reset bounds to lower half of array


	else


		low = mid + 1;   //reset bounds to upper half of array


}
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