evenberg-Marquardt




Optimization

e People optimize
— Stocks
— Job
— eXam

o Convert qualitative description into quantitative
function
— Objective function
— Variables
— constraints




Examples

Transportation problem
Chess playing
Robot path planning

Computing the optimal shape of an automobile or
alrcraft

Controlling a chemical process or a mechanical
device to optimize or meet standards of
robustness

Computer Vision

— Camera Pose estimation
— Optical flow

— Stereo depth estimation
— etc




Optimization

* Minima, maxima or zero of a function
* Local minima vs global minima




Optimization Problems

Single variable

Multiple variables

Linear

Non-linear

Unconstraint optimization

Constraint optimization
min(x, —2)° + (x, —=1)°

subject to{xf —X, <0,X +X, <2



Desirable Properties

e Robustness
e Accuracy
e Efficiency




lterative Solution

X0 Xt X2 ... X"

* Initial estimate W1 ¥ L

X"~P
e Convergence

e Linear
o Super linear
e Quadratic




Rate of Convergence

Definition :Suppose{p, }._, IS a sequence that
convergesto pandthate =p, —p

|pn+1_p |en+1|:/1

| .

= =lIm—":
oo | Py = PI% o | |

then the seq Is said to converge to p of order

a With asymptotic error constant A.

lIm

a =1, linear
o =2, quadratic
a =1,and A =0, superlinear




Numerical Optimization

e Computation of
— derivatives,
— gradient,
— Jacobian,
— Hesslan
« Analytical derivatives not possible

« Numerical derivatives, finite difference
— Solution of a linear system (Inverse of a matrix)




Derivative: f'(x) = af , XIsascalar

dx

of of  of
ox ox, " ox,

Gradient: Vf (X, X,,..., X,) =(




Jacobian




Hessian

f(X,X,,

- 0f B
OX 0%,  OX.0X,

o f o f
OX0%  OX,0%,

5 f
| OX,0%,




Optimization Methods

Gradient Descent
Conjugate Gradient
Newton

Quasi Newton
Levenberg Marquadet




Weighted Non-linear least squares fit

Consider a set of non-linear equations:
Yi = f(xwa)

Our aim Is to determine a vector such that the following
IS minimized:




Function to be minimized

Newton’s (Inverse Hessian) method:

+D" [_V\P (acurrent )]

a

next CU rrent

Where D iIs a Hessian matrix

The gradient IS given by:

oyt

The Hessian is given by:
Iy - £ a2

oY _ Z P‘(x y) of (%, Y)

Cals Tor| o8 0 0a, coy

G)




Let us define:

Now the Hessian is given by:

o] =5 D

Newton’s method (A) Apeyy = A T D_l[_v\{l(acurrent )] (A)

current

can be written as

\Y
Zak, 5&1, = ,Bk 3 Assume o = Anext — Qeyrrent
=1




The gradient descent Is given by:

a =d + const [_vqj(acurrent)] (C)

next current

fi=-3on
é‘a'l = const ﬂl o = Anext — Acurrent K

Assume the second term in (B) Is zero:
o g 1(@f(xi,a)af(xi,a)_[yi_f(xi’a)]

o” f (x;,a) (B)
_1aL fa, oa 6a,0a,
1(ar(x a) of (x,a)

56\1
Z 1 [ of (x.,a) of (x, a)}

~o’| 0Oa, o0q,




A=, e P

1 0¥ of (x.,a) of (xi,a)}

oa, =const 5,  (C) Gradient descent

What should be the constant?

The units of J are1/a,
there fore units of constant
should be af

Only component of with this property is : 1/0(kk




o =const 4, () Gradient descent

Let the constant be given by

1
const =—— oa, = 1 g A, 08 =0 (G)
105” /la”

\
Newton from (E) Z a3, = f3,
=1

Now define: a; =a;1+1) fori=]j

oy = oy when j = k

Combining (E) and (G) and using (F) Zm:ai’d R, = f,
=1




Algorithm

1.Start with some initial estimate of a. 2
2. Compute W(x. ,a) (equation D). ¥(a) :i( i — £ (%, a)j

3. Pick a modest value of A=.001.

m
4. Solve linear system (H) for 6a and Zal’d 5a| = ,Bk
evaluate ‘¥'(x; ,a+da) -1

5. If W(x; ,a+da) ='¥'(x;,a), increase A by a factor of 10, and
go to step (4)

6. If 'Y(x; ,a+da) <'Y'(x;,a) decrease A by a factor of 10, update
the trial solution: a<—a+oa, and go back to step 4.




Szeliski

Projective




Projective (Homogpraphy)

,_aX+ay+h,
CX+C,y+1

X

, A X+a,y+Db,

C,X+C,y+1




Feature-based Estimation of

Homorgrapy
_ AX+a,y+Db
CX+C,y+1

X

,_ aX+3,y+Db

C,X+C,y+1

X Y« 1 0 0 0 —XxX —YX
00 0 X Yo 1 =XV =YV

a:[31 d, b1 d; d, bz C, Cl]T




Feature-based Estimation of

Homorgrapy )
y, 1 O 0 —XX —VYX

0 0 x vy 1 =Xy -Wy

X, ¥ 1 0 0 0 —xX =YX
0 0 O X Yk 1 _Xkyl’< _yky’_

Perform least squares fit to compute a.




Szeliski (Image-based estimation

h
oL omsargeny

X = Projective
CX+C,y+1

a,X+a,y+hb,

y = C,X+C,y+1

E=D>[F(x,y)-f(xy)] =D ¢

1 min




Szeliski

Motion Vector:

m:[a1 d, d; 4d, bl bz C, Cz]T




Szeliski (Levenberg-Marquadet)
E=> [f(X,y)-T(x, =) ¢

o€,
“om,_ gradient

Approximation of
Hessian (J'J, Jacobian)




E=D [f(X\y)-f(x ) =) €
,  aX+a,y+hb
C,X+C,y+1

)

,_a3x+a4y+b2

CX+C,y+1
oe o€ ax’+ oe oy’
0a, Ox 0a, 0y 0q,




xR R R RR R
ﬁ‘ﬂz Ofrng &ﬁh a.n5 anﬁ éh‘]7 aT]8
&2 &2 &2 &2 &2 &2 &2
an, om, dn, dng, dn, on, ang
&n ébn &n &n éen éen éen

A Matrix

xR
an,
&2
an1
&n

oe, oe,

5

-
B
)
(]
D
L
(-
o
-
O
4
qu]
=
X
o
—
O
<

dlE<]EClEC|E €| E|E €| E€|E
RIS L R RS R RS

=
™

A=J"]
aldzZ




Gradient Vector

5. e

09,

_Ze 8en

—~  0Oaq,

_Ze Gen

n 68‘3

-8
n
_Zen
n

o€,

om
oe,

om,




Partial Derivatives wrt motion parameters

oe  oe oX'

oe oy’

— = +
0a, OXx 0da, oYy 0Oq

Xr_ a1X+a2y+b1
CX+C,y+1 "

,_ aX+a,y+b,

CX+C,y+1

ox’' X

0a; CX+Cy+1

ox' y

0a, CX+C,y+1
ox'
a_ag_
ox'
6_a4_
ox' 1

ob, - CX+Cy+1
ox'
a_bz_
ox'  —x(ax+ay+h)

0

0

0

oy'
a_al_
Y o

oa,

oy’ X

da, CX+Cy+1

oy’ _ y

oa, CX+cC,y+1

¥ g

b,

oy’ 1

b, CcxX+C,y+1

oy’ —x(ax+a,y+b,)

0

oc,  (cx+c,y+1)
ox'  —ylax+a,y+h)

oc, (c,x+C,y+1)
oy’ _ Y(asx+a4y+b2)

oc,  (gx+c,y+1)

oc, (cx+c,y +1)




Partial derivatives wrt image coordinates

E=) [T, y)-f(x )] = €




Partial derivatives

oe oe oX ae oy’ _f, X

oa, - oX o0a, ay 0a, c,X+C,y+1

8e:8e8x+8e8y:f, y

da, ox'0a, oy da,  CX+Cy+1

oe oOe ox' ae oy’ _ f, X

0a, X oa, 6y da, ’cx+cy+1

oe _ oe oOx' ae oy’ _f, y

oa, OXx 0Oa, ay da, ’cx+c,y+1

ce oe ox' ae oy’ 'y 1

ob, ox' ob, 8y ob, CX+C,y+1

oe _ oe ox' ae oy’ _f, 1

ob, ox' o, ay ob, 7 cx+c,y+l

de _ oe ox' e oy’ f,—x(a1x+a2y+b1)+ f '—x(a3x+a4y+b2)
oc, ox' oc, MY oc, © (cx+c,y+1) 7 (ex+c,y+1)
de _0e ox' oe oy f,—y(a1x+a2y+bl) ~y(a,x+a,y+b,)
oc, oxoc, oo, (cx+c,y+1) (cx+c,y+1)°

+ f

y!




Gradient Vector

X
CX+Cy+1
y
CX+C,y+1
X
CX+C,y+1
y
CX+Cy+1
1

XI
C X+ czy +1

—D ef,

clx+czy+1
f (ax+ay+b)+ 1, (a3x+a y+b2)

(clx+czy+1)
f (ax+ay +b)+ T, (ax+a, y+b2)

(c,x +Cyy +1)°

—_—




Szeliski (Levenberg-Marquadet)

» For each pixel lat  ( X, yl,)

e Compute(x’,y) using projective transform.

« Compute ¢ = f(x',y') —f(x,»)
Oe Oe OX +6€ oy’
om, Ox'Om, Oy’ Om,

* Compute




Szeliski (Levenberg-Marquadet)

-Compute 4 and b

-Solve system

(A—AI)Am =D
-Update

m™ =m' + Am




Szeliski (Levenberg-Marquadet)

e check if error has decreased if not
lIlCI‘e dScC 2, ACTOT O |\ and
compute a new

e Continue iteration until error iIs below
threshold.




