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Abstract
Inpaintingis animageinterpolationproblem,with broadapplicationsn im-
ageand vision analysis. This paperpresentur recentefforts in developing
inpaintingmodelsbasedn the Bayesiarandvariationalprinciples.We discuss
several geometridmagemodels their role in the constructiorof variationalin-
paintingmodels,andthe associatedulerLagrangePDEsandtheir numerical
computation.
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1. Introduction

The word “inpainting” is an artistic synorym for “image interpolatior,
asfrequentlyusedamongmuseumrestorationartists,who manuallyremove
cracksfrom degradedancientpaintingsby following asfaithfully aspossible
the original intentionof their creators[EM76, Wal85]. A mathematicaillus-
trationis depictedn Figurel.
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TResearclis supportechy NSFunderDMS-0202565.



Asfineartmuseumgodigital, all realpaintingsarescannedhto computers.
No doubt,digital inpaintingprovidesthe safestway to restorethosedegraded
ancientpaintings,simply by trying computercodesandsoftwareson the digi-
tal copies.Unlike the manualinpaintingprocesswhich appliesdirectly to the
original, digital inpaintingbringstremendoug$reedomin makingerrorsor im-
proving resultsprogressiely, with no risk of destrging the original precious
paintingonthe carvas,whichis oftenuniquein the entireworld.

But the applicationof digital inpaintinggoesfar beyond on-line art muse-
ums. In on-line real estatebusinessfor example,a potentialcustomemay
ask:| donotlike the palmtreeandbushin thefront yard; whatwill thehouse
look like without them? If the treeandbusharetoo closeto the house,it is
impossibleto captureby ordinary camerasan unblocled overviewn of the en-
tire house.However, treatingthe treeandbushasaninpaintingdomain,it is
very hopefulthata (clever) inpaintingschemecangetrid of themin arealistic
fashion.

u’ ‘Do is given

inpainting domair)

Figure 1.  For atypical inpaintingproblem,the imageis missingon aninpaintingdomain
D, andtheavailablepartu® pe isoftennoisy D canbedisconnected.

Ever sincethe original work of Bertalmioet al. [BSCBO0Q], digital inpaint-
ing hasfound wide applicationan imageprocessingyision analysis,andthe
movie industry Recentexamplesinclude: automaticscratchremoval in digi-
tal photosandold films [BSCB00,CS01a],text erasinglBBCT01, BSCBOO,
CS01aCS01c],specialeffectssuchasobjectdisappearancandwire removal
for movie production|BSCBO00,CS01c],disocclusiofMM98], zoomingand
superresolution[BBCT01, CS01a,TAYWO01], lossy perceptuaimage cod-
ing [CS01l1a],andremoval of the laserdazzlingeffect [CCBTO01], andsoon.
On the other hand,in the engineerinditerature, therealso have beenmary
earlier works closely relatedto inpainting, which include image interpola-
tion [AKR97, KMFR95a,KMFR95b], imagereplacemenfiP97, WL00], and
errorconcealmenfJCL94,KS93]in the communicatiortechnology

As scatteredstheapplicationsare,themethoddor inpaintingrelatedprob-
lemshave alsobeenvery diversified,rangingfrom nonlinearfiltering method,
waveletsandspectralmethod,andstatisticalmethod(especiallyfor textures),
etc.
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The mostrecentapproachto non-tecture inpainting is basedon the PDE
methodand Calculusof Variations,andcanbe classifiedinto two cateories.
Thefirst classis basedon the simulationof micro-inpaintingmechanismsit
includesthe axiomaticapproachof CasellesMorel and Sbert[CMS98], the
transportprocesg BSCBO00] (the first high-orderPDE model), the diffusion
proces$CS01c],andtheircombinatioriBBS01,CS01b].Thesecondatayory
includesall variationalmodelssimulatingtheuniquemacro-inpaintingnecha-
nism: “bestguess, or the Bayesiarframavork [GG84,KR96, Mum94b]. The
latter includesthe total variationmodel [CS01d,CS01a,R0O94, ROF92], the
functionalizedelasticamodel[CKS01, MM98], the value-and-directioroint
model [BBCT01], the active contour model basedon Mumford and Shahs
sgmentatio TAYWO01], andthe inpainting schemebasedon the Mumford-
Shah-Euleimagemodel[ES02].

The currentpapersuneys and summarizeshis latter cateyory. The main
goalis to develop a systemati@approachand mathematicafoundationfor all
thesepreviously scatteredvorks,sothatthesurey cansene asafreshstarting
point, ratherthana concludingchapterfor furtherresearcton this challenging
topic.

ThephilosophybehindBayesiarinpaintingis quitesimpleandintuitive (see
Figurel): theway we humaninpaintersinpaintanincompletepicturemostly
reliesontwo factors— how we readtheexisting partof thepictureu® \Q\D (i.e.
datamodel), andwhatclassof imageswe believe the original goodpicturew
belongsto (i.e. image prior model). (For example,if it is known thatwe are
inpaintinganimageof a kitchenwith tomatoespeppersandappleswe have
the a priori preferenceof smoothshapesandthe greenandred colors.) In
the Bayesiananguagea balancedptimal guesds to maximizethe posterior
probability Prob(u|u®) (MAP) givenby

Prob(u®|u) - Prob(u)
Prob(u?) '

Onceanimage? is given, the denominatois a fixed constant. Thuswe are
to maximizethe productof the dataprobabilityandtheimageprobability

For inpainting,the datamodelis usually simple asillustratedin Figure1.:
the available part uO\Q\D is the restrictionof the original goodimagew on
O\ D, pollutedindependentlypy white noisen, i.e.

UO‘Q\D = u|Q\D +n.

On the otherhand,sincethereis no dataavailable on the inpaintingdomain
D, thetaskof reconstructingheimageon D solelyfalls ontheimagemodel.
This makesa goodimagemodelmorecrucialfor inpaintingthanfor ary other
classicalrestorationproblemssuchas denoising,deblurring, and segmenta-
tion [CS01a,ES02].

Prob(u|u®) =

(1)



Image modelscan be learnedfrom image data banksbasedon filtering,
parametricor non-parametri@stimation,and the entrofy method(SeezZhu,
Wu andMumford [ZM97, ZWM97] for examples).Suchstatisticalapproach
is especiallyimportantfor inpainting or synthesizingimageswith rich tex-
tures[IP97, WLOQ].

Onthe otherhand,in mostinpainting problems the inpaintingdomainof-
ten“erases”someperceptuallyimportantgeometridnformationof theimage,
edges for example. To reconstructgeometry it is necessaryhat the image
modelwell resohesthe geometrya priori . Most corventional probabilistic
modelslack suchfeature. Fortunately “eneigy” forms do exist in the litera-
ture,which have beenexplicitly motivatedby geometry Well-knowvn examples
includethe TV (total variation) model of Rudin, Osherand Fatemi[ROF92]
andthe object-edganodelof Mumford andShah[MS89]. Thelink between
probabilisticimage modelsand suchgeometricimage models,as Mumford
pointedout [Mum94b], is formally madethroughGibbs’ formulain statistical
mechanic$Gib02]:

Prol(u) = %exp(—ﬂE[U]),

where Eu] is the enegy of u (e.g., the total variation of u), § denotesthe
inverseabsolutetemperatureand Z the partitionfunction. (Working with en-
emgy alsofreesonefrom laboringon the definability of the partition function
7, whichis generallya highly non-trivial mathematicalssue.) The Bayesian
formula(l) is re-expressedn theenegy form by

E[u|u’] = E[u’|u] + E[u] + const,

wherethe constantcan be droppedsafely as far as enegy minimization is
concerned.

The organizationgoesas follows. Section2 startswith an axiomaticap-
proachfor curve models,which, to our bestknowledge,is nev. The latter
half of the sectionexplainstwo approachefor constructinggeometricimage
modelsfrom curve models:

(i) throughdirectfunctionalizationbasednthelevel-sets;and

(i) by having a curve modelembeddedsanedgemodelin the object-edge
primitive imagemodel.

Theseapproachesnify the four geometridmagemodelsappearingn there-
centinpaintingliterature:

(1) the TV imagemodel of Rudin, Osherand Fatemi[ROF92, RO94], first
appliedto inpaintingmodelingby ChanandShen[CS01a];
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(2) thefunctionalizedelasticaimagemodelasproposedandstudiedby Mas-
nouandMorel [MM98], andChan,Kang,andShen[CKSO01];

(3) the Mumford-Shahimage model [MS89] appliedto inpainting by Tsal,
Yezzi, and Willsky [TAYWO01], Chanand Shen[CS01a],and Esedoglu
andShen[ES02];and

(4) the Mumford-Shah-Eulemagemodeldesignedor imageinpaintingby
EsedogluandShen[ES02].

Section3 explainsall therecentinpaintingschemedasedon thesegeometric
imagemodels.WediscusgheassociatetulerLagrangePDE’s, theirgeomet-
ric meaningandrobustwaysof numericalimplementation Digital examples
aregivenfor eachinpaintingmodel. Conclusiorandopenproblemsarewritten
into Section4.

Throughoutthe papey €2 denotesthe entire image domain, D the miss-
ing inpainting domain, »° the available part of the imageon Q\D, and u
the tamgetedinpainting restoration. The standardizegdymbolsV, V- and A
representhe gradient,divergence,and Laplacianoperatorsseparately For
ary multi-variablefunction or functional F'(X,Y’), the symbol F(X|Y") still
meansF' (X, Y'), but emphasizinghatY is fixedasknown. Thisis to imitate
thesymbolof conditionalprobability or expectatiorappearingn the Bayesian
formula(but without probabilisticnormalization).

2. Geometric Image Models
2.1 Curve models

Geometryplaysacrucialrolein visualperceptiorandimageunderstanding,
includingclassificatiorandpatternrecognition.The mostimportantgeometry
forimageanalysids hiddenin edges FromDavid Marr’s classicalvork onpri-
mal sketch[MHB80] to David Donohos geometricwaveletsanalysisDon00],
edgesalwaysstayin the heartof mary issuesimagecodingandcompression,
imagerestorationsegmentatiorandtracking,justto nameafew.

Thereforeit is of fundamentasignificanceto understandhown to mathemat-
ically modeledgesandcunees.

From the Bayesianpoint of view, this is to establisha probability distri-
bution Pro(T") over “all” curves. An instantexamplecomingto mind is the
Brownian motionandits WienermeasurdKS97]. The problemis that Brow-
nian pathsare parameterized¢urves (by “time”) and are even almostsurely
no-wheredifferentiable. For imageanalysishowever, edgesareintrinsic (1-
D) manifoldsandtheir regularity is animportantvisual cue.

Accordingto the previously statedGibbs’ formulation,we areto look for a
suitableenegy form E[I']. It is alwayscorvenientto first startwith its digital
version.



In digital imageprocessingFreemars Chain Coding[Fre61]is a popular
datastructurefor representingbjectbordersandedges.The underlyingidea
isto representa 1-D curveI' by a chainof orderedsamplepoints

Lo, L1, N,

densesnougho ensuraeasonablapproximation Working directly with such
chainsof finite length,we needto defineappropriateenegy forms

E[wOawla' te awN]-

To the bestof our knowledge,the following axiomaticapproachs new in the
literature. We shall naturally constructtwo of the mostuseful planercurve
models:thelengthenegy andEuler’s elasticaenepy.

Axiom 1. Euclideaninvariance.

Let @ € O(2) (corventionallycalledarotation,thoughincludingall reflec-
tions),ande € R? anarbitrary point. Euclideaninvarianceconsistsof two
parts:therotationalinvariance

E[Qa:OaQa;la' tt 7QwN] = E[CB(),.’.Cl,"' 7$N]7
andthetranslationinvariance

Elzg+c,z1+¢,--- ,zn + ¢| = E[zg,z1, - ,ZN].

Axiom 2. Reversalinvariance.

It requiregthat
E[mo,"' ,CBN] = E[mN7 7m0]7
which meanghatthe enegy doesnot dependon the orientationof thecurne.

Axiom 3. p-pointaccumulation(p = 2,3, ---).

This is fundamentallya rule on locality. A p-point accumulatie enegy
satisfiegsheaccumulatioriaw:

E[a:(),--- awnawn—H] = E[a)o,"' awn] +E[$nfp+2>"' awn-i-l]a

for alln > p — 2. Throughcascadewe easilyestablistthat
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Proposition1 Supposd is p-pointaccumulativeThenforany N > p — 1,

N—p+1
E[(B(),--- ,-'BN] = Z E[.’Bn, awn-l-p—l]

n=0

Thus,for example,a 2-pointaccumulatre enegy mustbein theform of
Elxg,--- ,xn]| = Elzo, 1] + E[z1,22] + -+ + E[xNn_1,TN];
anda 3-pointaccumulatre enegy satisfies
Elxy, - ,xN]| = Elxg, z1, 2]+ E[x1, T2, 3]+ -+ E[TN_2,TN_1,ZN]-

Generally a p-point accumulatie enegy E is completelydeterminedby its
fundamentaform
E[“’Oa e 7a7p—1]-

In whatfollows, we studythecasef p = 2 andp = 3.

2-point accumulative energy and the length .

Proposition2 A Euclideaninvariant 2-pointaccumulativeenegy mustbein

theform of
N-—1

E[:Bo,--- 7wN] = Z f(|wn+1 - $n|),

n=0

for somenon-ngativefunction f (s).
Proof. We only needto shav that
Elzg, z1] = f(|z1 — zo|)-
Translationinvarianceleadsto
E[xy,x1] = E[0,z1 — o] = F(x1 — x0),
with F(x) = E|0, z]. Thenrotationalinvariancefurtherimpliesthat
F(Qz)=F(z), Qe€O0(2),z¢c R~
Thusif wedefinef(s) = F((s,0)), thenF(z) = f(|z|). O

If in addition,weimpose

Axiom 4. Linearadditivity:
Forary a € (0,1), andz; = azg + (1 — a)zs,

E[wo,wg] = E[a:o,a:l] + E[wl,wg].



Thenit is easyto shawv thatthe enegy is uniqueup to a multiplicative con-
stant.

Theorem1 A Euclideaninvariant 2-pointaccumulativeenegy E with linear
additivity mustbethelengthenegy, i.e.,

N-1
E[zg,--- ,xn] = CZ |Zn — Tpy1l,
n=0

for somefixedpositiveconstantc.
ForasummableuneI’, asN — oo, andthesamplingsize

ogzngaj%fl |$n - wn+1|

tendsto zero,suchdigital enegy corvergesto thelength.

3-point accumulative energy and the curvature.

To determinethe fundamentaform E|[zg, 1, z2], first recall Frobenius
classicaltheorem[COS"98]. Thethreepointsxz, 1, z; livein RS = R? x
R? x R?, andthedimensiorof aEuclidearorbitis 3: 1 from therotationgroup,
and2 from thetranslationgroup. Therefore Frobeniustheoremappliedto the
Euclideaninvariancegives

Proposition 3 Onecanfind exactlythreeindependenjoint invariants: I, I,
and s, sud that E[zg, 1, 2] is a functionof them.

Define
a:\ml—m(ﬂ, b:|m2—m1|, c:\mQ—mo\.

Then the orderedtriple (a, b, c) is apparentlyEuclideaninvariant, and two
chains[zg, z1,x2] and [y,,y;,y,] are Euclideancongruentif and only if
they sharethe same(a, b, c). Thustheremustexist a non-n@atie function
F(a,b,c) suchthat

Blxg, x1, x2] = F(a,b,c).

Definethetwo elementarysymmetricfunctionsof a andb:

b
Ay = “;r and B = ab.
The reversalinvarianceimplies the symmetryof F' with respectio a andb.

ThusE hasto beafunctionof A, By, andc:

Elxo,x1, 2] = f(A1, By, c).
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Let s denotethe half perimeterof thetriangle (z1, x2, x3):

S:A1+§,

andA its area:
A=+/s(s—a)(s—b)(s —c) = /s(s —c)(s2 — 2415 + By).
Thenwe candefinethedigital cunatureat z; [COST98, COT96, Bou00] by

A singy
Bic ¢/2

51:4

where#), is theanglefacingtheside[z, z2]. It is shavn by Calabi,Olver, and
TannenbauniCOT96] thatfor a genericsmoothcurve anda fixedpointaz, on
it, asa, b — 0,

k1 = K(@1) + O(b — a]) + O(a’ + %),

wherex(x;) isthecunatureatz;.
Now it is easyto seethatx., A1, By is acompletesetof joint invariantsfor
boththe Euclideamandreversalinvariancesand

Elzo, @1, 2] = g(k1, A1, B1)-
Therefore we have proved

Theorem 2 A 3-pointaccumulativeenegy E with both Euclideanand rever-
salinvariancesmustbein theform of

N-1
E[wO"" ,$N] = Z g(";naAmBn)-

n=1

Furthernoticethat,asthe samplingsizea, b = O(h), h — 0 atafixedpoint
T € T,
k1 =0(1), Ay =0(h), B;=O0(h?.

Applying Taylor expansionto g for the infinitesimals 4; and B; (assuming
thatg is smooth) we have

g(k1,A1,B1) = g1(k1)A1 + g2(k1)B1 + -+,

for somefunctionsgy, g9, - -. In thelinear integrationtheory by neglecting
all high order(> 2) infinitesimals,we endup with

g(k1, A1, By1) = g1(k1)A1.
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Thereforewe have derived,

Corollary 1 Following Theoem 2, in addition, supposeéhat for any smooth
summablaimplecurvel, andits ChainCodingappoximation[zg, 1, - - - € x]
with thesize

h= |Zn, — Tpy1]

max
0<n<N-1

tendingto zeo, E|xy, - - - & x| corverges. Thenasfar asthelimit is concerned,
there is only oneclassof sut enegy, which is givenby

N—1
E[“’Oa"' 7$N] = Z f(K’n)An
n=1
Ash — 0, it convemgesto

BIr) = [ (s,
T
wheee ds is thelengthelement.

For instance if we take f(x) = a + Bx? for two fixed weightsa and 3,
the resultingenengy is calledthe elasticaecnegy [Mum94a], which wasfirst
studiedby Eulerin modelingthe shapeof a torsionfree thin rod in 1744. If
B = 0, theelasticaenegy degenerate$o the lengthenegy.

2.2 Image models via functionalizing curve
models

Onceacurve model E[I'] is establishedt canbe“lifted” to animagemodel
by directfunctionalizationandthelevel-setapproach.

Letu(z) beanimagedefinedonadomain C R2. Forthemomentassume
thatu is smoothsothatalmostsurelyfor eachgrayvalue, the level-set

Th={z€Q:u(z) =X}

is a smooth1-D manifold. Let w(\) be an appropriatenon-ngative weight
function. Thenbasedn a givencurvemodel E[T'], we canconstrucianimage
model:

Efu] = / B\ Jw(\)dA.

Corventionallyw(X) is setto 1 to reflecthumanperceptuasensitvity. Sup-
posewe have a bundle of level-setswhosegray valuesare concentratedver
[A, A + A)]. If AX is small, thenthe imageappearsmoothover the region
madeof theselevel-sets,andis thuslesssensitve to perception.The enegy
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assignedo suchbundlesshouldbe small accordingly On the otherhand, if
A\ is large, for examplein the situationwhen the bundle containsa sharp
edgethenthelevel-setscarryimportantvisualinformationandthe associated
enegy shouldbe large. Therefore the Lebesguameasureai) is alreadyper
ceptuallymotivatedand w(A) canbe setto 1, which we shallassumen the
following.

Supposewne take the lengthenegy in Theoreml asthe curve model,then
theresultingimagemodel

Elu] = /_oo length(T"y)dA

is exactly Rudin-OshefFatemis TV model[ROF92,RO94].

Elu] :/ |Vu|dz.
Q
Thisis becausdor a smoothimageu, alongary level-setl",

d\ = [Vu|do, lengthTy) = / ds,
'y

with ds anddo denotingthe arclengthesof the level-setsandgradientflows,
which areorthogonalo eachother andthus

dsdo = dz

is theareaelement.Therefore,

Elu] = / |Vu|dods = / |Vu|dz.
—oo0 JI'y Q

Theabove dervationis in a formal level andcanberigorouslyestablished
basednthetheoryof BV functions[Giu84], wherethelengthof alevel-setis
replacedby the perimeterof its associatedegion, the Sobole gradientnorm
by the TV radonmeasure.Thenthelifting processs exactly the famousco-
areaformula.

Similarly, supposeawve take the curvaturecurve modelin Corollary 1, then
thelifted imagemodelbecomes

Blu] =/Qf(\v-[|§—zl]|> \Vul|dz.

Especiallyif f(s) = a + (s, it is calledthe elasticaimagemodel[CKS01,
MMO8].
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2.3 Image models with embedded edge models

Thesecondapproacho construcimagemodelsfrom curve modelsis based
ontheobject-edgerimary model,asproposedy Mumford-Sha{MS89]. In
suchimagemodels,the curve modelis embeddedo weigh the enegy from
theedgesj.e., abruptjumpsin images.

For example,the classicaMumford-Shahmagemodelemploys thelength
curve model:

Efu,T) = /Q . Vul2dz + o length(T).

Herel" denotesdgecollection.UnliketheTV imagemodel,oncethesingular
setl is singledout, for therestof theimagedomain,Sobole smoothnessan
belegally imposed.

Mumford-Shahimagemodelhasbeenvery successfuin imageseggmenta-
tion anddenoising Forimageinpainting,asEsedoglu-Shediscussedh [ES02],
it is intrinsically insufiicient. Thereforea new imagemodelcalled Mumford-
Shah-Euleis proposedn [ES02]basedn the elasticacurve model:

Eu,T] = /Q\F |Vu|?dz + /F(a + BK?)ds.

We now startto discusshow to carry out inpaintingbasedon theseimage
models.

3. Inpainting Models and Their PDE’s

In this sectionwe suney all therecentinpaintingscheme$asednthege-
ometricimagemodelsmentionedabove. We shalldescribehe PDE formsfor
all the variationalmodels,andtheir digital realizationbasedon the numerical
PDE method.Digital examplesaredemonstratefbr eachinpaintingscheme.

3.1 The TV inpainting

In [CS01a],we first touchedon the Bayesianideafor the inpainting prob-
lem,asanalternatve to thePDEapproachnventedby Bertalmioetal. [BSCBO0O0]
basedon the transportmechanismTheimagemodelemplo/edin [CS01a]is
the well-knowvn Rudin-Oshefratemis TV imagemodel,asfirst proposedor
thedenoisinganddeblurringapplicationfROF92,R0O94].

TheTV inpaintingmodelis to minimizethe posteriorenegy

Jry[u|u®, D] = / |Vu|dz + é/ (u — u®)?dz. 2
Q 2 Jo\p

Define
Ap(z) = A+ lo\p(z).
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Thenthe steepestlescenequationfor theenegy is
ou U
BV ] + 0 - ), €
which is a diffusion-reactiorntype of nonlinearequation. To justify the drop
of the boundaryintegral coming from the variationalprocessthe associated
boundaryconditionalong o2 is adiabatic:0u/07 = 0, where denoteghe
normaldirectionof theboundary

The diffusionis anisotropicto respectsharpedgesasin the Perona-Malik
diffusion[PM90] sincethediffusivity coeficient1/|Vu| becomesmallwhere
u hassharpiumps. Thereactiontermhasu asits attractorto keepthesolution
closeto the given noisy image. But noticethat on the inpaintingdomain D,
theequationis a purediffusionprocesswhich of courseoriginally comesrom
the TV imagemodel.

In [CKSO01], the existenceof a minimizer of J;, in the BV spaces estab-
lishedbasedon the direct methodof Calculusof Variation. The uniqueness,
however, is generallynot guaranteedAn exampleis givenin [CKS01]. Non-
uniquenessfrom the vision point of view, reflectsthe uncertaintyof human
visual perceptionin certainsituations,andthusshouldnot be cursedin terms
of faithful modeling.

For thedigital realizationof model(3), the degenerataliffusion coeficient
1/|Vu| is alwaysconditionecto

1
———,  |Vul, = Va2 + |Vul?,
|Vu|a | |a ‘ |
for somesmall positve constantz. Fromthe enegy point of view, it amounts
to the minimizationof the modified.J;y:

Aol = [ 10l [y @

Thisenegy form connectsmageinpaintingto theclassicaproblemof non-
parametricminimal surfacegGiu84]. In fact,in the (z,y, z) spacethefirst
termof Jg,[u], up to the multiplicative constanta, is exactly the areaof the
surface

z = z(z,y) = u(z,y)/a.
In the casewhenthe availablepart«? is noise-freeywe have
A = o0, z‘Q\D = ZO|Q\D-

Thuswe end up with the exact minimal surface problemon the inpainting
domainD:

min/ V1+|Vz2dz with z=2% along 6D.
D
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Here along the boundaryz\ p Is understoodas the tracefrom the interior.
Sincethis Dirichlet problemmight not be solvablefor generalinpaintingdo-
mainsD (see[Giu84] for example),asfar asinpaintingis concernedywe may
formulatea wealer versionevenfor the noise-freecase:

min/ 1+|vZ|2+H/ (2 — 2)2dH,,
D 2 Jop

wherey is alarge positive weightandd H; the 1-dimensionaHausdorf mea-
sureof dD. Thenthe existenceof a minimum canbe easilyestablishedhased
onthedirectmethod.

Comparedwith all othervariationalinpaintingschemesthe TV modelhas
thelowestcompleity andeasiestligital implementationlt worksremarkably
well for more local inpainting problemssuchas digital zoom-in (Figure 2)
andtext removal [CS01a]. But for large-scaleinpainting problems,the TV
inpaintingmodelsuffersfrom its origin in thelengthcurve enegy. Onemajor
drawvbackis its failureto realizethe Connectiity Principlein visualperception
asdiscussedn [CS01c].

The original image Zoom-out by a subsampling of factor 4

/

——

<%

The harmonic zoom-in The TV zoom-in

}:___' 3

e
AN

\

-r
-
.

-6 'A

O
e

Figure 2.  Digital zoom-inbasednthe TV inpaintingschemeascomparedvith thatbased
on the harmonicinpainting scheme,i.e., that basedon the Sobole image model: E[u] =

/ |Vu|2dx. Noticethatthe TV givesmuchsharpeiboundaryreconstruction.
Q
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The original image Edge tube from Canny’s detector

The initial guess

Figure 8. TV inpaintingappliedto the primal-sletchbasedmagedecoding.

3.2 The elastica inpainting

In [CKSO01], Chan,Kang,andShenproposedo improve the TV inpainting
modelby usingthe elasticamagemodel

Elu] = /Q(a-l—ﬁ/cQ)dw, =V. Lg—m .

Theelasticainpaintingmodelis thusto minimizethe posteriorenegy
sefuld. D) = [ (o +5 [ -, (5)
Q 2 Ja\p

whereg(s) = a + Bs2.
By Calculusof Variation, it is shavn in [CKS01] thatthe steepestiescent
equationis givenby

g—"zzv-ﬁﬂp(x)(uo—u), (6)
5 LT 9(¢' (k)| Vul)
V=i — g = )

Herefi,  arethe normalandtangentdirections:

Vu o N o .
— fT=dt, —=1-V.
|Vl ot

n=
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Noticethatthecouplingof  andd/dt in (7) makesit safeto take ary direction
of 7t for ¢. Thenaturalboundaryconditionsalongds are
Ou 9(¢'(k)|Vul)
g g 2T \WIVED
o 0 o7
Thevectorfield V is calledtheflux of theelasticaenepy. Its decomposition
in the naturalorthogonalframe (7, %) in (7) hassignificantmeaningin terms
of micro-inpaintingmechanisms.

=0.

(i) The normalflow ¢(k)7 carriesthe featureof an importantinpainting
schemenventedearlierby ChanandShencalledCDD (curvatue driven
diffusion [CS01c]. CDD wasdiscoveredin looking for micro mecha-
nismsthatcanrealizetheConnectiity Principlein visualperceptiofCSO01c,
Kan79,NMS93].

(i) Thetangentiakomponentanbewritten as

5 _ (1 ¢ W)IVu) o1
Ve = (\Vu|2 ot )V v

andits divergences

5 ol —1 9(¢'(5)|Vul)

sinceV+u is divergencefree. Definethe smoothnesmeasure
__—1 0(¢(k)|Vul)

Ly = 5 =

|Vul ot

Thenthe tangentcomponents in the form of the transportinpainting
mechanisnasoriginally inventedby Bertalmioetal. [BSCBOO].

Puretransportcanleadto shocksasin traffic models,while pure curvature
drivendiffusion (CDD) is only motivatedby the Connectyity Principlein vi-
sion researchandlackstheoreticalsupport. The elasticainpainting PDE (6)
combinegheir strengthandalsooffersatheoreticaframewvork.

For the numericalrealizationof the model, we mentionthe following as-
pects. More detail canbe found in [CKS01]. Two digital examplesareillus-
tratedin Figure4.

(a) To acceleratehe convergenceof the steepestlescenmarching(6) toward
its equilibriumsolution,onecanadoptheMarquina-OshemethodMO99]
by addinga non-n@ative “time correctingfactor” T'(u, |Vul):

%:T- (V-V-I-)\D(x)(uo—u)).
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Forinstancetake T' = |Vu|. As shavn in [MO99], suchsimpletechnique
cansubstantiallyimprove the numericalmarchingsize and speedup the
corvergence.

(b) Asin theTV inpaintingmodel,for the computatiorof x andV, 1/|Vul is
alwaysconditionedo 1/|Vu|, to avoid azerodenominatar

(c) To moreefficiently denoiseand propagatesharpedgesgclassicalnumeri-
caltechniquedrom computationafluid dynamicgCFD) canbevery use-
ful, includingthoseoriginally designedor capturingshocks.Techniques
adoptedn [CKS01]aretheupwindschemeandthemin-modschemg¢OR90].

Original Image Inpainting Domain

Original Image Inpainting Domain

TV Inpainting TV Inpainting Curvature Inpainting

‘.‘. ‘
. . /\/\

Figure 4. Two examplesof elasticainpainting, as comparedwith TV inpainting. In the
caseof largeaspectatios[CS01c],the TV inpaintingmodelfails to complyto the Connectvity
Principle.

3.3 Inpainting via Mumford-Shah image model

The idea of applying the Mumford-Shahimage modelto inpainting and
imageinterpolationfirst appearedn Tsai, Yezzi,andWillsky [TAYWO01], and
ChanandShen[CS01a],andhasbeenrecentlystudiedagainby Esedogluand
Shen[ES02]basedntheI'-corvergencetheory

Themodelis to minimizethe posteriorenegy

Jmslu, T|u’, D] = 1/ \Vu|2da:+a|engtl"(I‘)+§/ (u—u°)?dz, (8)
2 Jo\r 2 Ja\p

wherew, o, and )\ arepositive weights.Noticethatif D is empty i.e. thereis

no spatiallymissingdomain,thenthe modelis exactly the classicaMumford-

Shahdenoisingandsegmentatiormodel[MS89]. Also, noticethatunlike the

previoustwo models,it outputstwo objects:the completedandcleanedmage

u, andits associate@dgecollectionT".
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For agivenedgelayoutT, variationof Jmg[u|T, u°, D] gives
yAu + Ap(z)(u® —u) =0 on Q\T, 9)

with the naturaladiabaticconditiondu/0v = 0 alongbothI" andos2.
Denotethe solutionto the elliptic equation(9) by uy. Thenthe steepest
descentnfinitesimalmove of T for Jmg[T'|ur, u°, D] is givenby

dzr _ y 2 AD _ ., 0\2 =
dt—(a/i+[2|Vur\ +5 (ur —u”) ] 7. (10)

Herez € T is anedgepixel and# thenormaldirectionat z. The symbol[g|r
denoteghejump of ascalarfield g(z) acrosq:

[9lr(z) = lim (g(z 4 o7i) — g(z — o7)).
oc—0t
The sign of the curvaturex andthe directionof the normal# are coupledso
thatx7 pointsto cunaturecenterof I" atz.
Note that the curve evolution equation(10) is a combinationof the mean
curvatue motion[ES91]
dz/dt = akfl

anda field-driven motion specifiedby the seconderm. Thefield-driven mo-
tion attractsthe curve toward the expectededgeset,while the meancurvature
motionmakessurethatthe curve doesnot developripplesandstayssmooth.

Like the TV inpaintingmodel,inpaintingbasedon the Mumford-Shahm-
agemodelis of secondorder But the extra compleity comesfrom its free
boundarynature. In [CS0la, TAYWO1], the level-setmethodof Osherand
SethianOS88]is proposed.

In the mostrecentwork by Esedogluand Shen[ES02], a simplernumeri-
cal schemas developedbasedon the I'-cornvergencetheory of Ambrosioand
Tortorelli [AT90,AT92].

In the I'-convergencetheory the 1-dimensionaledgel’ is approximately
representedly its associatedignaturefunction

z:Q—10,1],

which is nearlyl almosteverywhereexcepton a narrav (specifiedoy asmall
parametek) tubular neighborhoodf ', whereit is closeto 0. The posterior
enegy Jmglu, T|u®, D] is approximatedy:

1
Je[u, z|u®, D] :—/ )\D(x)(u—uo)2dx+z/ 22| Vu|2dz
2 Ja 2 Ja

1— 2
-I—a/ <6|VZ|2 + (1=2) ) dz.
0 46

(11)
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Takingvariationon« andz separatelyieldsthe EulerLagrangesystem:
Ap(z)(u —ul) =4V - (2°Vu) =0 (12)

-1
(y|Vul|?)z + a (—26Az + Z2—6) =0, (13)

with the naturaladiabatidboundaryconditionsalongdf2 (dueto the boundary
integralscomingfrom integration-by-partgs

Ju 0z

Definetwo elliptic operatorsactingon« andz separately:
L,=-V -2’V +Xp/y (14)
M, = (14 2(ey/a)|Vul?) — 4€2A. (15)

Thenthe EulerLagrangesystem(12) and(13) is simply written as
Lou=M\p/y)u® and Muz=1. (16)

This coupledsystencanbe solved easilyby ary efficientelliptic solverandan
iteratve schemeTwo digital examplesareincludedin Figure5 and6.

Noisy image to be inpainted Inpainting output u Inpainting output z

Figure 5. Inpainting basedon the I'-convergenceapproximation(11) and its associated
elliptic system(16).

3.4 Inpainting via Mumford-Shah-Euler image
model

Like the TV imagemodel,the Mumford-Shahimagemodelis insuficient
for large-scaldmageinpainting problemsdueto the embeddedength curve
enegy. To improve, EsedoglltandShen[ES02]recentlyproposedheinpaint-
ing scheméasedn the Mumford-Shah-Euleimagemodel.
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Image to be inpainted Inpainting domain (or mask) Inpainting output

Hello! We are Penguin
AandB.  You guys
must think that so many
words have made a
large amount of image
information lost.

Is this true? We
disagree. We are

more optimistic. The

Figure 6.  Text erasingoy inpaintingbasednthe Mumford-Shalimagemodel.

In this model,the posteriorenegy to be minimizedis

Jmsdu, T|u®, D] = %/Q\F|Vu|2dac+/F(oe+ﬂf~z2)ds+%/Q (u—u)?dz,

\D
17)
wherethelengthenegy in Jms hasbeenupgradedo Euler’s elasticaenengy.
As in the previous inpaintingmodel, for a given edgelayout I, the Euler
Lagrangeequationfor Jmsdu|T, u°, D] is

yAu+Ap(2)(u’ —u) =0, =z €Q\l, (18)

with theadiabaticconditionalongT” and92: du/ov = 0.
For thesolutionur to this equationtheinfinitesimalsteepestiescentnove
of ' is givenby [CKS01,Mum94a,LS84].

2
I :alﬁ—ﬁ(Z%—Ffﬁ?’)—}— %|Vur|2—l—)\7D(ur—u0)2 K (19)
Themeaningof thesymbolsis the sameasin the previous section.

The digital implementationof this 4th order nonlinearevolutionary equa-
tion is highly non-trivial. The challengdies in finding an effective numerical
representationf the 1-dimensionabbjectT’, androbust waysto computeits
geometryi.e.,thecunvatureandits differentials.

In Esedogluand Shen[ES02], the equationis numericallyimplemented
basedontheI'-cornvemgencetheoryof De Giorgi [Gio61]. As for the previous
Mumford-Shahimage model, I'-corvergenceapproximationleadsto simple
elliptic systemghatcanbe solved efficiently in computation.

De Giorgi [Gio61] proposedo approximateEuler’s elasticacurve model

e() = /F (+ Br2)ds,
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by anelliptic integral of the signaturez (thetwo constantsx and mayvary):

! 2
E.[7] :oz/Q (6|VZ|2+ @) da:—l-g/Q <2eAz— W4_iz)) dz, (20)

whereW (z) canbethe symmetricdouble-wellfunction
W(z) = (1-2°) = (z+1)(z - 1). (21)

Unlike the choiceof W (z) = (1 — z)? for the Mumford-Shahimagemodel,
heretheedgelayoutT is embeddedsthezerolevel-setof z. Asymptotically
ase — 07, aboundarylayergrows to realizethe sharptransitionbetweerthe
two well statesz = 1 andz = —1.

Thenthe original posteriorenegy Jmseoh v andI’ canbereplacedoy an
elliptic enegy onu andz:

1
Je[u, z|u®, D] = %/ 22|\ Vul?dz + Ec[z] + 5/ Ap(u —u®)2dz. (22)
Q Q

For agivenedgesignaturez, variationon in Je[u|z,u’, D] gives
Ap(u—u) —yV - (22Vu) = 0, (23)

with the adiabatichoundaryconditiondu /07 = 0 alongof2. For the solution
u, the steepestiecentmarchingof z for J[z|u,u?, D] is givenby

0z W' (z
i —7|Vul*z + ag + B 262( )g —4BAg, (24)
!
g =20, ) (25)
4e
againwith the Neumanradiabaticconditionsalongthe boundaryo<:
0z dg
% 0, and i 0.

Eq. (24) is of fourth-orderfor z, with theleadinghead—8¢3A?z. Thus,to
ensurestability, anexplicit marchingschemavouldrequireAt = O((Az)*/eB).
Therearea coupleof waysto stablyincreasehe marchingsize. First, asin-
spiredby Marquinaand Osher[MO99], onecanadda time correctingfactor
(asin Section3.2):

15)
a—j =T(Vz,g|u) (—'7|Vu|2z +ag +

W (2)

2¢2

g- 4ﬂAg> ,

whereT' (Vz, g, |u) is asuitablepositve scalayfor example,T' = |V z| [MO99].
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Thesecondilternatveis to turntoimplicit or semi-implicitschemesEq.(24)
canberearrangedo

0z 2 2, Qo pW"(2) p !
5 +9|Vu|"z — 20eAz + 8feA"z = _EW (z) + 2z I + ;AW (2),
(26)
Or simply
0z
E + Lyz = f(z),

whereL,, denoteghe positive definiteelliptic operator(u-dependent)
Ly = ¥|Vu|? — 20eA + 86eA?,

and f (z) the entireright handside of (26). Thena semi-implicitschemecan
bedesigneds: ateachdiscretetime stepn,

(14 AtLy,)2™+D = 2 4 Agf (),

wherethepositive definiteoperatorl + At L, is numericallyinvertedbaseddn
mary fastsolvers[G092,Str93]. A digital exampleis givenin Figure?.

A noisy image to be inpainted. Inpainting via Mumford-Shah-Euler image model

Figure 7. Inpainting basedon the Mumford-Shah-Euleimage model can satishctorily
restorea smoothedgeasexpected.

4. Conclusion and open problems

In this paperwe have suneyedall therecentnpaintingmodelsbasednthe
combinatiorof the Bayesiarprincipleandgeometridamagemodels.As for the
classicaldenoising,deblurring,and segmentationapplications,the Bayesian
framework hasprovento bevery effective in designingandimproving general
inpaintingmodels.



Variational Image Inpainting 23

We have explainedthat the fundamentaingredientfor a geometricimage
modelis the associatecbr embeddeccurve model. Basedon somenatural
axiomssuchasthe Euclideannvarianceandreversalinvariancewe have been
ableto understandhe generalstructureof geometriccurve modelon the 2-
dimensionaimagedomain.We have describedwo generalwaysfor “lifting”
acune modelto ageometriamagemodel.

We have obsenred that corventional first-order geometricimage models,
suchasthe TV modelandMumford-Shahmodel.functionverywell for classi-
caldenoisingdeblurring,andsegmentatiorproblemsaswell asfor inpainting
problemswith a morelocal nature(suchaszoom-inandtext erasing).But for
large-scaleinpainting problems,they are insuficient for reconstructingoer
ceptuallymeaningfuloutputs.Therefore high ordergeometriamagemodels,
suchasthe elasticamodelandthe Mumford-Shah-Eulemodel,becomenec-
essanfor moregeneralinpaintingapplications.Thetradeof is thathigh order
inpaintingmodelsarecomputationallymuchmorechallenging.

We have describeall theEulerLagrangePDE’sassociatetb thesemodels,
theirgeometriomeaningandtheirdigital realizationbasedntechniquesrom
numericalPDE’s andtheI'-corvergencetheory

Finally we postthreeinterestingopenproblems.

() Videoinpainting. Videoinpaintinghasprofoundapplicationin themaovie
industry sunweillance analysis,and dynamicvision analysis. The first
openproblemis: how to integratethe extra dimensionof “time” into the
spatialinpaintingtechniquesAnd how to definegeometrigorior models
for spatial-temporaimages?

(i) Textureinpainting. Texturesby definitionareimagepatternswith rich
statisticafeatures Geometriamagemodelscanwell describeéhebound-
ariesof differenttexture patcheshut are apparentlyinsuficient for in-
painting the texturesthemseles. Therefore,the secondopenproblem
is: how to integrategeometridmagemodelsandstatisticaltexture mod-
els?And how to growtexturesthroughtexture synthesisvithout creating
artificial boundaries?

(i) Fastand efficientdigital realization. Throughouthis suney, numerical
PDE hasbeena corecomputationatool for all the geometricinpainting
models. The third openproblemconcerndastandefficient digital im-
plementatiorof theassociate®DE's, especiallyfor the high orderones.
Thereare a numberof non-trivial questionsthat wait to be answered:
How to developdiscretizatiorschemeshatrespecgeometrythe cuna-
ture andits differentials,for examples?How to speedup corvergence
basedn variousnumericaltechniguesuchasthe multigrid methodand
the multiresolutiondecomposition?since speedis always highly con-
cernedin applications. Finally, the enegies of high order inpainting
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models,suchas the elasticaand the Mumford-Shah-Eulemodels, of-
ten have mary local enegy wells. It is thusanotherimportantissueto
develop numericalschemesghat can efficiently avoid being trappedin
local enegy wells, asin MolecularDynamics[MW97].
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