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Multi-Frame Correspondence 
Estimation Using Subspace      

Constraints

Michal Irani

Motivation 

Correspondence estimation is a 
fundamental problem 
Linear subspace constraints 
(orthographic projection)        

Tomasi, Kanade
“Aperture problem”
Correspondence between two frames
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Rank of a Matrix

Subspace constraints on 
displacement fields

a sequence of F frames
Arbitrary 3D motions
is a reference frame

displacement of            from 
frame     to frame
U and V are the matrices of 
displacements
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Displacements U and V
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In the orthographic projection model:

For all frame points:
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Subspace Constraints on 
Image Brightness

Compute inter-frame 
U’s and V’s
Project U’s and V’s 
into the lower 
dimensional linear 
subspace   

It is very noisy

All U’s and V’s are 
treated equally in 
the subspace 
projection

Subspace Constraints on 
Image Brightness

Point-based constraint (Brightness 
Constancy constraint)

Region-based constraint (Lucas and 
Kanade flow constraint)
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Brightness Constancy Constraint
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Brightness Constancy Constraint

Subspace Constraint on Normal Flow

Confidence-Weighted Subspace 
Projection                                              

are weighted with 
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Lucas and Kanade Constraint
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Lucas and Kanade Constraint
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Lucas and Kanade Constraint

Covariance-Weighted Subspace 
Projection

Region-based directional-confidence
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Noise Reduction in Image 
Measurements

SVD of        or

or
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Eliminating the Aperture 
Problem
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Eliminating the Aperture 
Problem
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Multi-Point Multi-Frame 
Algorithm

1. Construct a Gaussian pyramid for all frames
2. For each level in each pyramid level do:

(a) Compute A, B, C, G, H
(b) Project G and H onto        and
(c) Compute reliable displacement estimates only for reliable 

points,     and
(d) Compute basis K from     and
(e) Linearly solve for the unknown L using GBC or GLK
(f) Compute      and       from K and L

3. Keep iterating to refine     and      
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Applicability of the Subspace 
Approach

Motion approximation
Rank depends on the number of frames
The number of frames is restricted by the 
underlying motion model (instantaneous 
motion model might not be valid)
Pure translation (not smooth and not 
uniform)

Applicability of the Subspace 
Approach

Gradient approximation
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Applicability of the Subspace 
Approach

Extending the Applicability of 
Subspace Constraints

The  “Plane + Parallax” Approach

If                  then rank  
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Ranks for Various World Models, 
Motion Models, and Camera Models

1. Affine Camera – 3D Scene
and

2. Affine Camera – Planar (2D) Scene

and [ ]( ) 6≤VUrank
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Ranks for Various World Models, 
Motion Models, and Camera Models
3.Perspective Camera – Instantaneous    

Motion, 3D Scene
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Perspective Camera – Instantaneous    
Motion, 3D Scene

Varying Focal Length (3D Scene)  
where                    ( )
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Perspective Camera – Instantaneous    
Motion, 3D Scene
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Perspective Camera – Instantaneous    
Motion, 3D Scene

When both the focal length and the 
camera motion change across the 
frames:
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Perspective Camera – Instantaneous    
Motion, 3D Scene

Constant Focal Length (3D Scene)
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Perspective Camera – Instantaneous    
Motion, 3D Scene
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Perspective Camera – Instantaneous    
Motion, 3D Scene
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Perspective Camera – Instantaneous    
Motion, 3D Scene

When the focal length of the camera 
remains constant (but unknown) across 
the sequence, and only the camera 
motion varies:
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Motion, Planar (2D) Scene
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Ranks of Planar-Parallax 
Displacements
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Ranks of Planar-Parallax 
Displacements

The planar-parallax displacements reside 
in 3-dimensional linear subspace, even 
for extended sequences and for 
uncalibrated cameras:
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