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Vector Valued Image Regularization 
with PDE’s: A Common Framework 
for Different Applications

CVPR 2003 Best Student Paper 
Award

Definitions

� Scalar images: Intensity images
� Vector valued images: RGB, HSV, YIQ…
� Regularization: Finding approximate solution 

of ill-posed problems.
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Divergence and Curl
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Structure Tensor
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Structure Tensor
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More Insight (hessian&tensor)

� Hessian of image I

� Laplacian of I

� Tensor: Just a matrix. They use 
symmetric semi-positive definite matrix
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Image Regularization
� Functional minimization: Euler-Lagrange equations

� Divergence expression: Diffusion of pixel values 
from high to low concentration

� Oriented Laplacians: Image smoothing in 
eigenvector directions weighted by corresponding 
eigenvalue.
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Variational Problem

� Define variational problem:

�
Ω

Ω= dIIIIFIE yxyx ),,,()( ��

0=
∂
∂−

∂
∂−

∂
∂

yx I
F

dy
d

I
F

dx
d

I
F

������ 	��	�����!�	����

� Solution using classic iterative method:
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Variational Problem 
Horn&Schunck Example
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Defining Energy Functional

� Functional: (minimization based)
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� Euler-Lagrange is given by (relation to 
divergence based methods)
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D Matrix
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Old School Laplacian 
Approach
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Laplacian Example (constant T)
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Laplacian Example
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Laplacian Example (varying T)
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Laplacian Example (varying T)
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Relation Between T and D
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Relation Between T and D
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Relation Between T and D
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Relation Between T and D
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Rewriting the Formula
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Unified Expression
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Numerical Implementation

� Conventional approach
� Compute image Hessians and Gradients

� Proposed method
� Use local filtering by Gaussians (2nd page)
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Numerical Implementation

1. Compute local convolution mask 
defining local geometry by T.

2. Estimate trace(THi) in local 
neighborhood of x.

3. Apply filtering for each trace(AijHj) in 
the vector trace(AH)
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Comparison Between Two 
Implementations


