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3-D Rigid Motion
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3-D Rigid Motion

X' X o o, | X T,
Y'" |=R|Y [+T=\|r, 1, rn|Y | +|T;
z' Z 3y o Iy T,

Rotation matrix (9 unknowns) Translation (3 unknowns)
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Rotation
X =Rcos ¢
Y = Rsin ¢

X'=Rcos(®+¢)=Rcos®cos¢— Rsin @sin ¢
Y’ = Rsin(®+¢) = Rsin ®cos ¢ + R cos Osin ¢

X' =Xcos®—-Ysin®
Y=Xsin®+Ycos®
X' cos® —sin® 0| X

Y |=|sin® cos® O0|Y
A 0 0 1| Z
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Rotation (continued)

Y
1 00
R={0 1 0
0 0 1

R=|sin® cos® 0

_cos® —sin® 0
0 0 1

R=| 0 1 0
|sinf 0 cosp

[cos £ 0 —sin ,B]
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Euler Angles

cosaxcosf} cosasinfsiny —sinacosy cosasinfcosy +sinasiny
R=R:R’R), =| sinacosf  sinasinfsiny +cosacosy sinasinBcosy—cosasiny

—sinf cosfsiny cosfcosy

‘} if angles are small( cos® =1 sin® ~©
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Image Motion Models
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Displacement Model

Image Formation: Orthographic
Projection

Image Plane World
point

image




Orthographic Projection

nohp | X T,
Y |=RY |+T=|ry, rn, rm|Y | +|T,
By Ty Iy | 2 1,
y =Y (x,y)=image coordinates,
X' =I’11x+l’12y+(7”13Z+];() (X,Y,Z)=world

coordinates
V' =rXx+15,y+(Z+1))

x'=ax+a,y+b,

y'=ax+a,y+b, Affine Transformation

& A= a, a, b = b,
x'=Ax+b - a, a, T b,

Orthographic Projection (contd.)

X X 1 —a B|X||I
Y =RY +T= a 1 —y|Y HT,
A Z -8y 1|Z]||T

X'=x—ay+pL+T,
Vi=oax+y—yZ+T,




Image Formation: Perspective

Projection
Image Plane World
¢ Lens Y  point
y Z
image
—v_J/
Y 7
.
VA VA
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Perspective Projection

X' X o h, rp | X Ty
Y'"|=RY [+T=\|r, r, n||Y | +|T
A Z gy oty T | Z T,

X' =nX+nY+nZ+T,
Y'=r, X+nr,Y +r,Z+T,
Z'=r, X +r,Y +1,Z+T,

X
FyX+1,Y+r, +
, Z

focal length = -1 X = T -
Z «— scale ambiguit
r31x+”32y+’”33+? oury
X' Y’
x'= ) y’:— TY
A4 A Iy X +rpy+i;+ 7
y'=

I .
X+ rpy+r;+ 7 R




Plane+Perspective(projective)

aX+bY+cZ=1

X X X

X Y |=RY [+Tja b Y

[abc]Yzl 7 7 7
Z

equation of a plane X' X
Y |=R| Y |+T
A V4
krigk motion

Plane+Perspective(projective)

X X focal length = -1
Y |=4Y
7 7 Y= aX+aY+a,Z
e N a,X +aY +a,Z
, aX+aY+aZ

y
X:CZIX'FCZZY‘FCZSZ @ X +aY +a,Z
— _axtayta; ay =1
Y=aX+aY+aZ xiaria
Z:%X+%Y+%Z . axtay+a, scale ambiguity
y -t @ oz 9

a,x+agy +a,

=
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Plane+perspective (contd.)

ﬂ:aﬁ+%y+%

a,x+agy+1

,  AX+b
pessern XERTS
X' = {x'}‘\ = {al az} Projective
y a, ds Or
b= {%}C = {%}X = {x} Homography
ae ag Y
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Least Squares

« Eq of aline

x o1 M
mx+c=y :
m
» Consider n points c =
mx, +c =Y, x, 1 A
Ap=Y

mx,+c=y,
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Least Squares Fit

Ap=Y

ATAp=A"Y
p=(ATAY'ATY

minZ(yl. —mx,—c)’

i=1

w

Determining Projective transformation
using point correspondences

« If point correspondences (x,y)<-->(x’,y’) are known
* a’s can be determined by least squargs-dity+x =ax+a,y+a,

= GET VT8, ayx+ayy+y =ax-+ay+a,
a,x+agy+1

., a,x+agy+a, qx+02y+%—a,xx—q¢xy=x
a;x+agy+1 axX+aY+a—a)x—ayy=y;
Two rows for each point i [a,]

: a; :
X Vi 1000 - xix; - yix; a, _ x;
000 X Vi 1 7xiy1{ 7yiyi' as - y:
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Summary of Displacement Models

Translation X=xt) X=q-Haxa)+ax a4y +6)
Y=yt V=t +axray+ad+4yax)

x'=xcosf —ysinf +b,

Biquadratic
Rigid X =a +ax+ay+axy
Y =a;+ax+ay+axy Bilinear

y'=xsin@+ycos@+b,

,_
X'=ax+a,y+b,

Affine _
V—ax+ay+b,  XTAGYHEHGY )
x,:a1x+a2y+b] J/(:a6 AXTAYTAX ) T)
1
o arrerT Pseudo Perspective
Projective )= ax+a,y+b
cx+c,y+1 “

Displacement Models (contd)

» Translation

— simple

— used in block matching

— no zoom, no rotation, no pan and tilt
* Rigid

— rotation and translation

—no zoom, no pan and tilt
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Displacement Models (contd)

+ Affine
— rotation about optical axis only
— can not capture pan and tilt
— orthographic projection

* Projective

— exact eight parameters (3 rotations, 3 translations and
2 scalings)

— difficult to estimate (due to denominator terms)

Displacement Models (contd)

» Biquadratic
— obtained by second order Taylor series
— 12 parameters

 Bilinear

— obtained from biquadratic model by removing
square terms

— most widely used
— not related to any physical 3D motion

* Pseudo-perspective

— obtained by removing two square terms and constraining

four remaining to 2 degrees of freedom 4




Spatial Transformations

o
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translation rotation
shear
rigid
affine

Affine Matrix Decomposition

A=UDV" =UW™V)DV = UV )¥VDV")

cosax

3 —sina
B | sina  cosa |
B [cosa —sina |
- |sina  cosa |
_[cosa —sina]
B |sina  cosa |
=R(a)S(k)E

Vi

)

01/« 0 v v,
K:||: 0 1/K:||:Vh vj
0|v/x v,

K:||: v, VZ/K:|




Decomposition of Affine

A=SVD=S(DD"WD=(SD)D'VD)

cosa —sina (v, v,
=R(@)C=| .
sina cosa v, Vv,

i 0||cosa —sina A= Sy 0| cosa —sina
A:Ap { } - \SS. B s, | sina cosa

sina cosa
B p

by Sx j—
A =scale_ factor=|s.s , p=scale_ratio= = f = skew

y
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