Kaman Filter

Main Points

* Very useful tool.

e It produces an optimal estimate of the
based on the noisy
(observations).

 For the state vector it also provides
confidence (certainty) measure in terms of
a

* Itintegrates estimate of state over time.
e Itisa state estimator.




State-Space M odel

State-transition equation /
z(k) =F (k,k - Dz(k - 1) +w(K)

Measurement (observation) equation

y(K) =H(K)z(K) + v(K) —__

Observation
Noise with covariance
R(K)

Kaman Filter Equations

State Prediction 2b(k) =F (k, Kk - 1)2a(k - 1)
Covariance Prediction P (k) =F (k,k - )P, (k - 1)|:T (k, k-1 +Q(k)
Kalman Gain K (k) = Py (k)H " (K)(H ()P, (K)H " (k) + R (k)

State-update Z,(k) =z, (k) +K (K)[y(k) - H(k)z, (k)]

Covariance-update pa (k) — Pb (k) - K (k) H (k) Pb (k)




Two Special Cases

- Steady State Fkk-D=F
Q(k)=Q
H(k)=H
R(k)=R

- Recursive least squares

F(k,k-1) =
Q(k)=0

Comments

* In some cases, state transition equation and
the observation equation both may be non-
linear.

» We need to linearize these equation using
Taylor series.




Extended Kalman Filter

2(k) =f (z(k - 1)) +w(K)

y(K) = h(z(k)) + v(k)

1) (2 (k- 1)+ LKD) oy s (k-
/vf(Z(k D) » f(z (k- 1)+ fzk- 1) (z(k-1)-2,(k- 1))

Taylor series

h(z(K)) » h(z,(K)) *T](z;(%»(z(k)' 2,(Kk- 1)

Extended Kaman Filter
z(K) =f(z(k - 1)) +w(K)

2(k) =f(z,(k- D))+ 12k D (z(k-1)-2,(k- D) +w(k)

2(k) » F (K, k - z(k - 2) + u(k) +w(K)

uk) =f(2,(k- 1))- F(k,k- D2z, (k- 1)
f (z(k - 1))
fz(k- 1)

F(k,k-1) =




Extended Kalman Filter

y(k) = h(z(k)) + v(k)
Th(z(k))

y(k) =h(z,(k)) +ﬂz—(k)(2(k) - Z,(k- 1)) +v(k)

y (k) » H(k)z(K) + v(k)

y(k) =y(K)- h(z,(k)) +H(K)z, (K)
HK) = Th(z(k))
Mz(k)

Multi-Frame Feature Tracking

Application of Kalman Filter




» Assume feature points have been detected
in each frame.

» We want to track featuresin multiple
frames.

« Kalman filter can estimate the position and
uncertainty of feature in the next frame.
— Whereto look for afeature

— how large a region should be searched

P, = [xk, yk]T L ocation
V, :[uk,vk]T Velocity

L= [Xk’ yk,Uk,Vk]T State Vector




System Model
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Kalman Filter Equations

State Prediction 2b(k) =F (k, k - 1)2a(k - 1)
Covariance Prediction P (k) =F (k, k- 1)P, (k - DF T (k,k-1)+Q(k)
Kalmen Gain K () = Py (K)HT (K)(H (P, (k)H T () + R (k)

State-update Z,(K) = Z, (k) + K (K)[y(K) - H(K)Z,(K)]

Covariance-update P, (k) =R, (k) - K(k)H(K)P, (k)




Kalman Filter: Relation to Least Squares
ﬁ(Z’yJ::O
ﬂ Taylor series

~ R f R f. R
f(Z,y) =00 £ 9) ¥ty 9)+ (72 2,)
\Y% 9z

Yi =HZ+w
- _ - ¥, EA :E
Yi - fi (Zi_lsyi)+ﬂzzi—1’Hi ﬂz
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ﬂy(y Yi)

Kalman Filter: Relation to Least Squares

~ A k
C=(Z,- Z)'Ry (Z,- 2)+Q (Y - HZ)'W (Y - H Z)

i=1

ﬂ minimize

N k ~ k
Z=[R'+a H'W'HIR'Z,+3Q H'W Y]

i=1 i=1

Batch Mode




Kalman Filter: Relation to Least Squares

A K ) K
Z, =[Po-1+é. HiTVVi-lHi]-l[R)-lzo +é. HiTVVi-lYi]

i=1 i=1

R k-1 R k-1
Z =[P+ HIWIH TR Z, +§ H W Y]

i=1 i=1

Recursive Mode

Kalman Filter: Relation to Least Squares

Z, =2 +*K (Y, -HZ. )
Ky = Pk-lHTk W'+ HTPk-lHkT)-l
Pk =(I- KyH )R,

o Tt
Yo =-f (Zk-l'y)+ﬂz Zyq
H, = F(kk-1) =1
g k)=0
W:EATE Q( )_
Iy Ty
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Kalman Filter ( )
State Prediction z,(K)=F(k,k-Dz, (k-1
z,(K)=2,(k- 1)
Covariance Pregiction  Fo(K) =F (K, k- 1P, (k- DF T (k, k- 1) +Q(K)
P, (k) =P, (k- 1)
Kalman Gain K (k) = Py (K)H " (K)(H ()P, (K)H " (k) + R (k)) *

K (k) =R, (KHT (K(H(K)R, (K)H" (k) + W(K))*

Kalman Filter ( )

saeupdate  Za(K) =Z,(K) +K (K)[y(K) - H(K)Z,(K)]
z (k)=2 (k- D+K(K)y(k) - HK)Z (k- 1)

Covariance-update

Pa(K) =P, (k) - K(K)H(K)R, (k)

P(k)=P (k-1- K(kH(K)P (k-1
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Computing Motion Trajectories

Algorithm For Computing Motion Trajectories

» Compute tokens using Moravec’ sinterest
operator (intensity constraint).

» Remove tokens which are not interesting
with respect to motion (optical flow
constraint).

— Optical flow of atoken should differ from the

mean optical flow around a small
neighborhood.
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Algorithm For Computing Motion Trajectories

» Link optical flows of atoken in different
frames to obtain motion trgectories.

— Useoptical flow at atoken to predict its
location in the next frame.

— Search in asmall neighborhood around the
predicted location in the next frame for a token.

» Smooth motion trgjectories using Kalman
filter.

Kaman Filter (Ballistic Model)

X(t) =58t + Vvt +x Z =(a,a,,V,,V,)
y(t) =.5at’ +vi+y, y=(x(t), yt))

F(Zy) =(X(1) - Bat™- vt - X, y(t)- 5at”- v,t- y)
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Kaman Filter (Ballistic Model)

Z(K) =Z(K- D+K(K)(Y(K)- H(K)Z(k- D)
K(K)=P(k- DHT (k) W™ +HP(k- DHT (k)™
P(k) = (1 - K(k)H (k) P(k - 1)

Y(K)=- 7 (Z(K - 1),y)+:TT—fZZ(k- 1)

I
H(k =

-
W:EATE
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