Xo = (Xo, Yo,Z0)": 3-D coordinates of a point at time t,
T = (T, Ty, T3)": Translation vector

spherical coordinates: slant, 67, and tilt, ¢7:

T = (sinfrcosér, sinfrsingr, cosfr) . (1)

q-= <q07 q1, 92, qS)T: Quaternion

3

q = (sinn,cos §)"

2

Rotation Matrix:

G—a—d+aG  2(0a + ggs) 2(q092 — 0143)
R = 2(90q1 — @2a3)  —a% + a7 — a5 + ¢ 2(q192 + qoqs) ’ (2)
2(qog2 + q143) 22 — q43)  —G5 — 4+ + @
T
q(t) = ( Yo gin WL Zugin W Lagin YL cos Lt ) 7 (3)

w = /w}+w; + w2, and w # 0.



3-D motion:

X, = R(q(t))Xo + tT.

Perspective projection:

X = (X, Xy, X3),

r=f Y=

Unknowns: a = (1, ¢, Wy, Wy, W,, Zo) .
Problem: determine a, given {Xs,Xsi1, ", Xs+N},

where x; = (x¢,v¢) ,t =s,--+,s+ N, s >0

Let h¢(a) be the 3-D coordinates of a point at time ¢, given parameter a:

hy(a) = R(q(t))X, + tT.

Given image coordinates x;, and depth Z;, its corresponding 3-D coordinates are:

Xy = (tht/fvtht/fa Zt)T-
Let p = (0, 0, 1), then Z; = p h¢(a). Now, X; becomes

zi/ f

Xy =p ht(a) ve/ f




The objective function to be minimized is given by:

s+N

E*a) = 3 || X, ~ hi(a) |1

i/ f

Xt:pht(a) yt/f

1

hi(a) = R(q(t))X, + tT.

i/ f
(X~ b)) = (p @) | 4y |~ @)
1
xi/ f
0 oT oT .
8ai<Xt_ht(a)) :tp aai yt/f _taiala 1= 1727
1
zi/ f
0 OR OR )
8ai (Xt — ht(a)) =P 8ai XO yt/.f — aai Xo, 1= 3, 4, 57
1
zo/ f zi/ f zo/ f
0
@736<Xt —hi(a)) = | PR Yo/ f v/f |~ R Yo/ f
1 1 1




where

or _or _
8&1 n 89T N

T = (sinfrcosor, sinfrsingr, COSHT)T.

cos O cos ¢r

cos O sin ¢p

—sin QT

)

or_ o
Oay B 3¢T B

—sin QT sin ¢T

sin 07 cos ¢

(12)



a = (40, q1,42,93) " Quaternion

.
q(t) = | we gy wt Wy gip W Wagin W cog WE ; (13)
w 20w 20w 2 2

Rotation Matrix:

@ —ai— 6+ 2(qoq1 + ¢293) 2(qoq2 — ¢193)

2000 — @g3)  —q+ 9 — a5+ a3 2(¢192 + q093) ’ (14)

2(qoq2 + ¢193) 2(¢142 — 9043) —@ -G+ G+ 6

w = /w2 +wz +w?, and w # 0.

R _OR 0ROy,
das Ow, = Oqr Ow,

5. 9g OROR S dg  OR ORI Og
kzzo " ow,’ R T il el SE

. da, Ow, P Wy =

where Dy, = 0R/0qy, k = 0,1,2,3, are given by

qo a1 a2 —dq1 qo —G3

Dy =2 @ —q g3 | D, =2 o @ G |’
92 —q43 —4qo a3 G2 —q1
—q2 43 4o a3 42 —q1
Dy =2 —q3 —q2 q |’ D =2 - 93 Q
do q1 Q2 @1 —q90 —Gq3




a = (40, q1,42,93) " Quaternion

.
qt) = | wegipwt  wgpwt o owegnwto ggwt ;
w 27w 27w 2 2
Rotation Matrix:
a@ —ai — 4 + a3 2(qoq1 + G2q3) 2(q0q2 — q193)
- 2(q0q1 — 4243 —qy + 41 — 43 + g3 2(q1G2 + qoq3
R ( ) 2 2 2 2 ( )
2(qoq2 + q193) 2(q192 — qoqs) —q5 — G+ 6+ g
w = /w2 +wz +w?, and w # 0.
Now, 0qy/0a;, k =0,1,2,3, i = 3,4,5, are given by
a0 _ (l—w—;)sinw—t—i—éw—%cosw—t 0q1 _ _ Walby giyy Wi | LWty (g wl
Owg w w3 2 2 w? 27 Qwg w3 2 2 w? 2
Gl = —topesin Yl 4 fue cos Y, 0 = —fsin g,
3731 = — = sin 4t 4 L22E cos Y, g%z = —L%sin Y,
S = (§ — )sin g + §i5cos Y, Jlt = —f b sin




s+N

E*a) =) || X¢—h(a) |I%, (17)
t=s
Then the first partial derivatives of the function E? with respect to a; are given by:

OB o3 (Xe— i) (X~ h(a), = 1,206 (18)
aai — t tla aai t tla)), 1=1,2,---,0.

t=s

The second partial derivatives are obtained by ignoring the second derivatives of the model

function:
82E2 s+N o o
~ 2 X; —h(a))'—(X;—h i,j=1,2,---,6. 19
0a;0a; ; C‘?ai( ¢~ hu(a)) 6aj( ¢ —he(a)), Lj=1,2--, (19)
Let 3; def —%%—gj, and oy def % 8259;, the elements in matrix [«| . The minimization problem

is reduced to iteratively solving the following linear equation:

> apda; = By, (20)
=1

where m is the number of unknown parameters. Here m = 6.



Algorithm: TrajFit

1. Compute E?(a) in Equation (17). Set A = 0.001.

2. Compute f; and a;j, whered, j = 1,2, - - -, 6, using equations (18) and (19), respectively.

3. Compute matrix [a] by augmenting its diagonal elements: o/,

L= a;;(1 + A), and

/ — .

4. Solve Equation (20) for §(a) and evaluate E*(a + da).

5. If E*(a+ da) > E*(a), increase A by a factor and go back to 2.

6. If E?(a+ da) < E*(a), decrease A by a factor, update the trial solution a « a + da,

and go back to 2.



