Lecture-11

Rate of Convergence of CG

Algorithm 5.2

Given X,
sEtry- AXO-b, Py - -ro,k—-O
While r, * 0 We only need to know values
e of x, pand r only for 2 iterations.
K T A
P AP _ Major computations: matrix- vector
Xor ™ KT8 P product, two inner products, and three

flea ™ N F ARG vector sums

T
b - Meralia .
k+1 T
k "k

P ™ -rk+l+bk+1pk;
k = k+1
end (while)




Key points

 According to theorem 5.3 Algorithm 5.2
should converge at most n steps.

» Convergence less than n iterations,
depending on the eigenvalues of matrix A.
 If Adose not have favorable eigenvalues,

then precondition A to get faster
convergence.

Theorem 5.4

If A hasonly r distinct eigenvalues, then the CG iteration
will terminate at the solution in at most r iterations.




Main points
Want to show:
I%es= X IRER"SoB+1 RO P 1% - X I
Usethis: (Theorem 5.3)
Define polynomial P, (A) =g,l +g,A+...+g A"

Use orthogonal eigenvectors n; of A.

Show n;are also eigenvectorsof R(A)

Rate of Convergence
X =X toPo +... 3 Py By construction
X1 = Xo +Golo + Gy AT, + ...+ g, AT

Define polynomial: (Theorem 5.3)
P (A =g, +g,A+...+g A"
Therefore .
X1 = X% R (AT (D)
Now
1. .
E"X'X”A—f(x)‘f(x) ||Z||2A: ZTAZ

f (x) =%XTAX— b'x




Rate of Convergence
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_ By construction
Xk+1_XO+aOpO+"'+akpk y

f (x) =%XTAX— b'x
According to Theorem 5.2 x,.; minimizes f , hence | x- x |2

Or
%+ PR (A - X |12 X = X% + P (AT, From (D)

Therefore, P’ solvesthe following problem:

min 1%+ P(Ar, - X |,
P




Weknoer:Axo-b:Axo- AX*=A(X0- X*)

X = X =% +P (A - X X1 =% + R (A
= (%~ X) +P (A, From (D)
= (%= X)+P (AAX- X)
=[1+R (AA(% - X) (A)

Assume n, |, areeigenvectors & eigenvalues of A

n
* o)
X=X =a XV
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R.(An, =Pl )n,
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[ Xe1- X 2= 12+ R ()1

i=l
Since polynomial generated by GC is optimal
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