Lecture-10

Theorems 5.2 and 5.3
Algorithms 5.1, 5.2

Theorem 5.3

1. The directions are indeed conjugate.

2. Therefore, the algorithm terminates in n steps (from
Theorem 5.1).

3. The residuals are mutually orthogonal.

4. Each direction p, and r, is contained in Krylov subspace
of r, degree k.




Theorem 5.3

Suppose that the kth iteration generated by the conjugate
gradient method is not the solution point x*. The following

four properties hold:
=0 fori=0,.k-1 (1)
span{ro,rl,...,rk}zspan{rO,ArO,...,AkrO} 2)

span {po,p1 ..... pk}z span {ro, Ary,..., A"ro} 3)
p,pri:O fori=0,...,k—1 4)

Therefore, the sequence {x,} converges to x* in at most 7 steps.

Proof

WTr=0  fori=0,...k-1 (1)
span {r,,7,...,7, } = span {rO,ArO,...,A"rO} ()

span {po,p1 ..... 2 } = span {ro, Ar,..., A"ro} 3)
p,{Api=O fori=0,...,k—1 4)

* Use induction on (2) and (3)

* First prove (2)

* Then prove (3) using (2)
* Prove (4) by induction using (3) and Theorem 5.2
*Prove (1) using (4) and Theorem 5.2




Proof

Wr=0  fori=0,..k-1 (1)
span{ro,rl,...,rk}:span{rO,ArO,...,AkrO} )

span {p,, p,,..., p, } = span {rO,ArO,...,A"rO} 3)
plAp, =0  fori=0,...k-1 (4

Induction: k=0
span {ro } = span {ro} 2)

span {poj=spantny)  G)  , —

Proof

rr=0 fori=0,..,k-1 (1)
span{ro,}q,...,rk}:span{rO,ArO,...,A"rO} 2)

span {po,pl,...,pk}zspan {rO,ArO,...,A"rO} 3)
piAp, =0 fori=0,...,k-1 4)

Assume (2) and (3) are true for k, prove for k+1

span{ro,;q,...,rk}zspan {rO,ArO,...,AkrO} 2)
To prove (2), by induction:
7, € span rO,Aro,...,AkrO}, P, €span {rO,ArO,...,Akro}

Ap, €span {Aro, A,y Ak”ro} By multiplying with 4
Tew =T AP, Therefore %, €span {ro, Ary,..., Ak”ro}

By combining this with induction hypothesis on (2)

k+1
span {ro,lq,...,rkﬂ}c span {rO,Aro,.‘.,A ’”o}




Proof

7Wr=0 fori=0,...,k—1 (1)
span{r(,,;q,...,rk}:span{rO,ArO,...,AkrO} )
span {p,, p,»..., p; } = span {rO,ArO,...,A"ro} 3)
piAp, =0 fori=0,...,k—1 4)

To prove the reverse inclusion

A"ty = A(A"r, ) espan {4py, Ap,...., Ap, } Induction on (3)
Since
Api:M,fori:O,...,k Because oo =1 o Ap,

.

i

k+1
Therefore A" 7, € span {ro,rl, cees Vk+1}
’ Induction hypothesis
k+1
span {r(,,Ar(,,...,A " ”o}C span {ry, 7i,.... 7, Ty | on (2)
k+1
span {ro,rl,...,rk,rkﬂ}c span {rO,ArO,...,A‘ ro}

Therefore span {,,0’,,1 yeees T Ty } =span {ro, Ar,,..., Ak+1r0} QED (2)

Proof

rr=0 fori=0,..,k-1 (1)
span{ro,}q,...,rk}:span{rO,ArO,...,A"rO} 2)
span {po,pl,...,pk}zspan {rO,ArO,...,A"rO} 3)
piAp, =0 fori=0,...,k-1 4)

Show (3) holds if & is replaced by k+1
SPAN Py, Pis- s Pis P )
= Span {pO’p]""’pkﬁrkJrl} Prst < Tia + BraPis
= span {ro, Ary, ..., Akro, Vet } Induction hypo for (3)
=span{ry, i,..s 7T By )

=span {rO,ArO,...,Ak“rO} By (2) for k+1
QED (3)




Proof

=0 fori=0,....,k—1 (1)
span{ro,rl,...,rk}:span{rO,Aro,...,A"rO} )
span {po,pl,...,pk}:span {rO,ArO,...,AkrO} 3)
piAp, =0 fori=0,...,k—1 @)

(4) Holds for k=1 plAp, =0  (4)
By definition: Pia = Tin + BeaPis
T T T .
PinAp; =1, Ap; + BapAp,  fori=01,....k (F)
rkT+1APk .
kaApk
Due to this the right side becomes Zero for i=k

By definition: Bea <

By induction hypothesis on (4) the vectors are conjugate up to p,

Therefore ’ for iz O... &
ori=0,...,

TPy =0 By Theorem 5.2

Proof

=0 fori=0,....,k—-1 (1)
span{ro,rl,...,rk}:span{rO,ArO,...,A"rO} )

span {po,pl,...,pk}:span {rO,ArO,...,A"rO} 3)
prAp, =0 fori=0,..., k-1 4)

(F)

PinAp, = =1 Ap, + P, pi Ap, fori=0,1,....k

rap,=0 fori=0,...,k (B)
By applying (3)
Ap, € Aspan {n),Ar(),...,A[zﬂ()}: span {Aro, ATyyenns A”lro}
, C Span {po,pl,...,p,-+1} (C)
r,Ap, =0 fori=0,...,k—1 By (B) & (C)

So the first term vanishes in (F). Due to induction hypothesis on (4) the second
term vanishes as well. Hence QED (4).

So the direction set generated by CG method is indeed a conjugate direction set.

According to Theorem 5.1 the algorithm terminates in at most # steps.




Proof

Wr=0  fori=0,...k-1 (1)
span{ro,rl,...,rk}:span{rO,ArO,...,A"rO} )

span {p,, p,,..., p, } = span {rO,ArO,...,AkrO} 3)
piAp; =0  fori=0,...k-1 (4

Since the direction set is conjugate because of (3), by theorem 5.2
rkTpi=O fori=0,....,k—-1, k=12,....,n—-1
By definition

pi="1+Bp Prar =T + P Pis

T T T T T
Iy D; :Ozrk (_ri +ﬂipi—l):_rk 7; +ﬂirk P ="Nhh

rlrn=0 fori=0,.., k-1, k=12,..,n-1 QED (1)

A practical form of GC

Piat = Tea + B Pis

Py =1+ B pis Theorem 5.2
T _ T T .
B Py =T L+ Bt Ps r'p,=0 fori=0,...,k-1




A practical form of GC

4 Ap, =1, 1

akrkTHApk = ”kT+1’”k+1 _rkz;-lrk Theorem 5.3
T ., _ . _
akrkTJrlApk _ rerrlrkJrl =0 fori=0,...,k-1 (1)
A practical form of GC
akrkTHApk = rkz;lrkﬂ
Now
QAp, =1, 1,
A Py Apy = Pty — P r
KRR PR e PR r'p, =0 fori=0,... k-1

T _ T
a . pAp, =0+r 1, From &

T T
apAp, =11}

r. A 7
Y k14Px . TetThat
k+1

NN B <73
Py AP, ‘ o rkTrk




Algorithm 5.2

Given x,;

set vy < Ax,—b, p, < -1y, k<0

While r, #0

Xeel X DS
Tea €Tt Apys

Given x,;
set vy < Ax,—b, p, < -1y, k<0
While 1, # 0
Py
pidp’
X € X T Dy

a, -

Tin € Ax, —b;

T rT Ap
Ve Thsr . B, 1P

Bia < ", 5 e+l PkTAPk

Din €< ~Tin + B Pis Pin € T + Bralis

k<« k+1 k<« k+]
end (while) end (while)

5.2 51
Algorithm 5.2

Given x,;

set 1y < Ax,—b, p, < -1y, k<0

While 1, # 0
T
T Ve
T b
D Ap,
Xew1 € X T D5

a, «——

Ten €1t Ap

T
1Ry
()) ¢ k+17k+1 .
k+1 b

T

T T
Pin € T + Bralis
k<« k+];

end(while)

5.2

We only need to know values
of x, p and r only for 2 iterations.

Major computations: matrix-vector
product, two inner products, and threg
vector sums.




Proof

=0 fori=0,....k—1 (1)
span{ro,rl,...,rk}:span{rO,Aro,...,A"rO} )
span {po,pl,...,pk}: span {rO,ArO,...,AkrO} 3)
pidp, =0  fori=0,...k—=1 (4
Now (1)
Since the direction set is conjugate by theorem 5.2

Wp,=0 fori=0,.,k-1, k=12,..,n-1

p,=—1.+ B, By definition
r.espan {p,,p, | fori=0,....k—1
r,=ap; +bpi71 Pin =Tt ﬁk+1pk;
p;=cr,+dp,,
rkTpi =0= rkT (cr,+dp, )= Crkr’} + drkrpifl = Crkr’}
Wr=0  fori=0,.. k-1, k=12,.,n—1 QED (1)
A practical form of GC
rr Ap T
Bt k+144P g : - Vel :
H plZApk ‘ P rkTrk
Q Ap, =1, 1,
T T T
A APy = el — Vel Theorem 5.3

Wr=0  fori=0,..k-1 (1)
Dy =T + B Diys

Ve =D+ B Dists

T .. T T . T _ .

Vel = Ve Pr t Bilien Prots r,p;=0 fori=0,...,k-1
T _
Heali =0

T T
APy = el




