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Lecture-9

Conjugate Direction Algorithm
(Solution of Linear System or
Minimization of A Quadratic 

Function)

Conjugate Gradient

• Linear conjugate gradient: for solving linear 
systems Ax=b with PD matrix, A.
– Exact solution in n steps (Hestenes & Stiefel, 1950s)
– Approximate solution in fewer than n steps

• Non-linear conjugate gradient: for solving large-
scale non-linear optimization problems.
– Fletcher and Reeves, 1964
– Polk-Ribiere, 1969
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Conjugate Gradient

Or minimize the following function:

bAx = A is symmetric PD. (1)
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Conjugate Direction Method
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Conjugate Direction Method
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Theorem 5.1

For any x0 the sequence {xk} generated by the conjugate direction 
algorithm, converges to the solution x* of the linear system in 
at most n steps.

• Sequence {xk} 
• Linearly independent vectors
• Conjugate vectors
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Proof
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Proof
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Interpretation of Theorem 5.1

If A is a diagonal matrix, then we can minimize (1-D) the function along 
coordinate axes in n iterations.

Interpretation of Theorem 5.1

If A is not a diagonal matrix, then we can not minimize the 
function along  coordinate axes in n iterations.
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Transformed Problem
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By conjugacy STAS
is a diagonal matrix.

Let

where

Now we can minimize along coordinate directions in transformed  space.

However, each coordinate direction in transformed space correspond 
to the conjugate direction in the original space due to xSx 1ˆ −=

Therefore, we conclude the conjugate direction algorithm converges in 
n steps.

W h e n  H e s s i a n  i s  d i a g o n a l ,  e a c h  c o o r d i n a t e  m i n i m i z a t i o n  

c o r r e c t l y  d e t e r m i n e s  o f  t h e  c o m p o n e n t s  o f  t h e  s o l u t i o n  x* .

T h e r e f o r e ,  a f t e r  k 1- D  m i n i m i z a t i o n s ,  t h e  q u a d r a t i c  h a s  b e e n  

m i n i m i z e d  o n  t h e  s u b s p a c e  s p a n n e d  b y  e1 , e2 ,…. , ek.
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Theorem 5.2 

Let x0 be any starting point and suppose that the sequence 
{xk} is generated by the conjugate direction algorithm. Then
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Proof
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How do we select conjugate 
directions

• Eigenvalues of A are mutually orthogonal 
and conjugate wrt to A.

• Gram-Schmidt process to produce 
conjugate directions instead of orthogonal 
vectors.

Basic Properties of the CG
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Each direction is chosen to be a linear combination of the steepest 
descent direction and the previous direction.
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Algorithm 5.1
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