L ecture-8

Conjugate Direction Algorithm
(Solution of Linear System or
Minimization of Quadratic Function)

Conjugate Gradient

 Linear conjugate gradient: for solving linear
systems Ax=b with PD matrix, A.
— Hestenes & Stiefel, 1950s

« Non-linear conjugate gradient: for solving
large-scale non-linear optimization
problems.
— Fletcher and Reeves, 1960s




Solution of A linear System

» Gaussian Elimination, Backward
Substitution

» Matrix Factorization
* Iterative Techniques
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|terative Methods for Solving
Linear Systems

 For large sparse system Gaussian
Elimination and Backward substitution is
not suitable.

» Approximate solution using iterative
methods
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Gauss-Seaidel
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Interpretation of Gauss-Seidel
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| nterpretation of Gauss-Seidel
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SOR (Successive Over
Relaxation)
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Theorem

If A isaPD and 0 <w< 2 then SOR method converges for
Any choice of initial approximation of solution x°-

Theorem

If A isaPD and tri-diagonal, then

r(Ty)=r(T)<1

Then optimal choiceof
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Conjugate Gradient

Ax=Db AissymmetricPD. (1)
Or minimize the following function:
f(x):ixTAx- b"x @
2
Nf (x) =Ax-b=r(X) () istheresidua
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Linear Independence

Sislinearly independent

if s,p,+s,p,+...5,,P,,=0
thens,=s,=s,=...s,,=0

Conjugate set is aso linearly independent.
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Conjugate Direction Method
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Convergence Rate of Steepest
Descent
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Conjugate Direction Method
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Theorem 5.1

For any x° the sequence {x,} generated by the conjugate direction

algorithm, converges to the solution X" of the linear system in
at most n steps.




Proof
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X - X, =840, ta,pt...t+a, B

Proof

Sislinearly independent
Therefore:
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Proof
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QED
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|nterpretation of Theorem 5.1

If A isadiagona matrix, then we can minimize (1-D) the function along
coordinate axesin n iterations.
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Interpretation of Theorem 5.1

If A isnot adiagona matrix, then we can not minimize the function along
Coordinate axes in n iterations.
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Transformed Problem
Let
X=S"x where  S=[Po. Py Py
f (%) :%XTAX- b"x

By conjugacy STAS

NN ~ 1. o7 s T T &
=f(SXY) ==X (S AS)X- (S'b
J)=T(S)=2x (S AS)X- (STB) X is adiagonal matrix.

Now we can minimize along coordinate directionsin transformed space.

However, each coordinate direction in transformed space correspond
to the conjugate direction in the original space due to %=Sx

Therefore, we conclude the conjugate direction algorithm convergesin
n steps.

Basic Properties of the CG: How
do we select conjugate directions

Each direction is chosen to be alinear combination of the steepest
descent direction and the previous direction.
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Algorithm 5.1

Given X,,
%tro—l AXO-b, p0—| -r()ik_‘ 0
While r, * 0
WP .
a7 -
Py APy

X1 7 X ta Py
Moa = Aa - B

T
b rk+lApk .
k+1 —

PeAp,
S P bk+1 Py:
k = k +1;

end (while)

Py IS steepest descent
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