L ecture-5

Quadratic Functions

Quadratic Functions

f(X) :%XTQX- b"x

Q issymmetric, Hessian of f
Nf (X) =Qx- b

if X" isauniquesolution of Qx = b, thenitis

astationary point of f

If the linear system Qx=b can not be solved, then function
does not have a stationary point, it is unbounded




Quadratic Functions

Q issymmetric, Hessian of f

f (X) :%XTQX- b'x

Kif (x) =Qx- b

According to definition, for any vector x and p:

f (x-+ap) =%(X+ap)TQ(X+ap)- b" (x-+ap)

Quadratic Functions

f(x+ap) =%(X+ap)TQ(X+ap)- b" (x+ap)

f (x+ap) =%(XTQ+apTQ)(X+a|O)- b"x- bap
=%(XTQx+apTQx+xTQap +a’p'Qp)- b'x- b'ap
=%XTQX- bTx+%(apTQx+ x'Qap +a *p'Qp)- b'ap

f(x+ap) =f(x)+ap' (Qx- b) +%a2pTQp

If X" is stationary point
f(xX' +ap) = f(x)+ap"(QX - b)+%a2pTQp

f(x +ap) = f(xX)+=a’p'Qp




Quadratic Functions
(< +ap) = £(X)+~a’p’Qp
The behavior of fisdetermine by matrix Q
Let Qu; =1 ,u;
Letp isequa toy,
f(x +au;) = f(x*)+5a2ujTQuj
f(x +au,) = f(x*)+%a2ujTI u,

f(x +an) = f(x*)+%32| | Qis symmetric

Quadratic Functions

» Thechangein f when moving away from X aong
the direction u; dependsonthesignof !,
— If I, ispositive f will strictly increase as|a| increases
— If 1, isnegative, f is decreasing aslalincreases.
— If 1, iszero, the value of f remains constant when
moving along any direction parallel to u;

— f reducesto alinear function along any such direction,
since quadratic term vanishes.

f(X +au ) = f(x*)+%azl |




Quadratic Functions

« When all eigenvalues of Q are positive, X isthe
unigue global minimum.

— The contours of f are ellipsoid whose principal axes are
in the directions of the eigenvectors of Q, with lengths
proportional to square root of corresponding
eigenvalues.

 If Qispositive semi-definite, a stationary point (if
it exists) isaweek local minimum.

« If Qisindefinite and non-singular, X' isasaddle
point, f isunbounded.

f(x +au;)= f(x*)+%azl j

|so Contours (Contour Map)

f (X, %) =cC

f (X, %,) =€ (4% +2)E +4x,X, + 2%, +1)
c=.2.4117,18 2 34,5,6,20




Quadratic Functions

Two positive eigenvalues
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Quadratic Functions

One positive eigenvalue,
one zero eigenvalue
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Quadratic Functions

One positive eigenvalue, e R T R
one zero eigenvalue RN R Y ERAAY

Indefinite

NS Tf
Eigenvalue 3.0902, -8.0902 E\ﬂ‘“

I3 l“"
Eigenvectors 0/ /_’ ey
-0.9960 -0.0898 @ﬁi;s_’_—rﬁ_ﬁ-\_:
0.0898 -0.9960 et

Figars 3. Coieors of- (1) 5 pratve-defisile ¢ ||-r wUT "|rr|m. ) b et anzi-
defnits quadralic Fanction, s (1] sa isdefiaite gaedrece:

Quadratic Functions

How about a function with Q, which is a diagona matrix?
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Steepest Descent

Quadratic Functions

How about a function with Q, which is a multiple of

an identity matrix?




Steepest Descent

Convergence Rate of Steepest

Descent
f(X) :%XTQX- b"x

Nf (X) =Qx- b
X isauniquesolution of Qx=b

Let us compute step length, which minimizes the function:

f(xk B agk): (Xk - agk)TQ(Xk - agk)' bT(Xk B agk)

N




Convergence Rate of Steepest
Descent

d 1 T
E(E(Xk - agk)TQ(Xk - agk)' b (Xk - agk)) =0

=- (Xk - agk)Tng+ngk =0
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ngng
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Convergence Rate of Steepest

Descent

Define
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EIIX X l5=f(¥)- f(X)
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O NfoNE, K
It can be shown (homework):
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whereO£1,£1, £...I areegenvaluesof Q
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Convergence Rate of Steepest
Descent
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As the condition number increases the contours of the quadratic
become more elongated, the zigzags of line search becomes more
pronounced.

Theorem 3.4: Steepest Descent
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whereO£l, £1,£...1  areeigenvauesof Hessian

If the condition number is 800, and f(x;)=1 and f(X')=0,
After 1000 iterations the value of function will be .08.
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