Xo = (Xo, Yo,Zg) ": 3-D coordinates of a point at time tg
T = (T, Ty, T3)": Translation vector

spherical coordinates: slant, 07, and tilt, ¢7:

T = (sinfrcos¢r, sinfpsingr, cosfr) . (1)

q-= (q07 q1, 92, CI3)T1 Quaternion
— ; T
q = (sin §n,cos §)

Rotation Matrix:

B =G — ¢+ 2(q0q1 + q23) 2(q092 — 0193)
R=1 20— qn) -d+d-d+@  2ae+as) | 2
2(9092 + 193) 2(q192 — q0g3) % — G+ @+
T
q(t) = ( Yrgin Y, Zrgin %l Legin % cos Y ) ) (3)

w = /wz +wz +w?, and w # 0.



3-D motion:

Perspective projection:

o T
Unknowns: a = (O, ¢, Wy, Wy, W,, Zg)
Problem: determine a, given {Xg,Xs11,*,XsiN},

where x; = (xi,v¢) ,t =s,--+,s+ N, s >0

Let hi(a) be the 3-D coordinates of a point at time ¢, given parameter a:

h(a) = R(q(t))Xo + tT.

Given image coordinates x¢, and depth Z;, its corresponding 3-D coordinates are:

Xy = (Zixo/F, Zoyi /1, Z4) T
Let p = (0, 0, 1), then Z; = p h¢(a). Now, X; becomes

xi/ f

X: =p hy(a) yi/ f




The objective function to be minimized is given by:

s+N

E*(a) = ; I X, — hy(a) 1%, (6)

x/ f

Xy =phi(a)| /¢

1
hi(a) = R(q(t))X, + tT. (7)
zi/ f
(X —hiy(a)) = (p hi(a) | 4,/ | —hi(a)) (8)
1
xi/ f
81(Xt—ht(a)):tp g—z i) f —tg—z, i=1,2, (9)
1
zi/ f
X)) =P G Xo | |- Xe 13,45, (10)
1
xo/ f xi/ f zo/ f
0
a_aﬁ(xt —hi(a)) = PR Yo/ f w/f | "R w/f | (11)
1 1 1




where

or _oT
8a1 - Z’)QT N

T = (sinfrcos¢r, sinfpsingr, cosfr) .

cos O cos ¢r

cos O sin ¢

—sin Op

b

or _ 0T _
day B 8¢T B

—sin QT sin ¢T

sin O cos ¢r

(12)



q= (Qm q1, 92, Q3)T: Quaternion

Rotation Matrix:

@ —ad— @+ a

2(qoq1 — G243)

2(Q0Q2 + Q1Q3)

w:\/w%-Fw—;-ng,andw;éo.
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where Dy, = 0R/0qx, k = 0,1, 2,3, are given by

G @

Do=214¢ —¢ ¢ | D172
d2 —q43 —qo
—q2 43 Qo

D; =2 —q3 —q q | D; =2
4o ARP)

2(‘]0(]2 - C]1€]3)

2(q1q2 + qogs)

@ -G+ E+ ¢
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ZDk%,
k=0 Owy Oas
—q¢1 Go —G3
go 41 g2 |’
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q3 g —q
—42 a3 qo
qd1 —Go —(q3

(13)
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q= (q07 q1, 92, Q3)T: Quaternion

q(t) = Ye sin YL,

Rotation Matrix:

@ — 4 — 6+ as

2(q0q1 — ¢2q3)

2(qoq2 + q13)

w = /w2 + w2 +w? and w # 0.

2(qoq1 + q293)
—+ 4 -6+ a4

2(¢162 — qoqs)

Now, dqi/0a;, k =0,1,2,3,i = 3,4,5, are given by

Wy qip WL Wz iy Wt
o SIn 5=, S EsIn o,

wt
oS 5 ’

2(‘]0(]2 - C]1€]3)
2(q192 + 90g3)

-G +a+a

=t —+—%——=<——>+—
g—g)‘l:—%s Wb Luaie cos UL gii:—%sin%t—kéﬂcos—
p — (L2 )sm—+——0057,ggi:—%%sin%t.

(15)

(16)



s+N

E?(a) = Z | X: — h(a) |I%,

(17)
Then the first partial derivatives of the function E? with respect to a; are given by:
aE2 s+N 0 '
P 2 ; (X, — ht(a))Taali (X; —hi(a)), i=1,2,---,6. (18)

The second partial derivatives are obtained by ignoring the second derivatives of the model

function:

PET N 9 L9 N
aaiaaj ~ 2 Z aai(Xt_ht<a)) a_aj(Xt_ht(a))? L) = 1727'“;6' (19)

t=s

def 2 def 2 . . .
Let 5; = —%%%, and ay; = % 82%a_, the elements in matrix [« . The minimization problem
1 L)

is reduced to iteratively solving the following linear equation:

m
Z agda; = B,
=1

where m is the number of unknown parameters. Here m = 6.



Algorithm: TrajFit

1. Compute E?(a) in Equation (17). Set A = 0.001.
2. Compute j3; and «;;, where i, j = 1,2, -+, 6, using equations (18) and (19), respectively.
= O[jj(l + )\), and

3. Compute matrix [a] by augmenting its diagonal elements: «j;

! e .
ajk — Oé]k.

4. Solve Equation (20) for §(a) and evaluate E?(a + da).

5. If E?(a+ da) > E?(a), increase A by a factor and go back to 2.

6. If E?(a+ da) < E?(a), decrease \ by a factor, update the trial solution a < a + da,

and go back to 2.



