L ecture-14

Rate of Convergence of CG

Algorithm 5.2

Given X,;
setry - AXO-b, P, - -I’O,k—!O
While r, * 0 We only need to know values
nr, of x, pandr only for 2 iterations.
ST oA

a o Major computations. matrix-vector
Yoa 7 K TP product, two inner products, and thresg
M ™ T T8AD;

vector sums.

Wh
Pea ™ = e+ By P
k - k+3

end (while)
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Key points

 According to theorem 5.3 Algorithm 5.2
should converge at most n steps.

» Convergence less than n iterations,
depending on the eigenvalues of matrix A.
 If A dose not have favorable eigenvalues,

then precondition A to get faster
convergence.

Theorem 5.4

If A hasonly r distinct eigenvalues, then the CG iteration
will terminate at the solution in at most r iterations.




Main points
Want to show:
I%as- X RER" S+ RO DF - X IR
Usethis: (Theorem 5.3)
Define polynomial P, (A) =g,| +gA+...+g A

Use orthogonal eigenvectors N of A.

Show N are also eigenvectorsof R(A

Rate of Convergence
X = %o ¥ Pp ...+ Py By construction
X =% +Qolg *G AT, ...+ G AT,

Define polynomial: (Theorem 5.3)
P (A =gl +gA+...+gA"
Therefore )
Xen = % TP (AT, (D)
Now
1 .
E"X'X”A—f(x)-f(X) "Z"2A= ZTAZ

f (x) =%XTAX- b'x




Rate of Convergence

1 . 1 T .
= x- X [la==(x- x)" A(x- X
Sl X = 20 X)T A= X)

1 T .
=Z(x"- X )(Ax- AX) 2 _ _T
A AR IzI5=7 Az
ZIXTAX- =X AX- SXTAX +=X T AX
2 2 2 2
1. 1. 1. 1.1,
=Zx"AX- =b"x- =x"b+=xX AX 1
2 2 2 2 f (x) ZEXTAX— b"x
:EXTAX- lex- lbe+ X AX - EX*TAX*
2 2 2
=1 X' AX - EbTx- 1be+x*Tb- EX*TAX*
2 2 2 2

=L Ak b (EX'TAX* -b'x)
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Slx- X =50 )T A= X) = (9= (X)

_ By construction
Xk+1_X0+a0pO+"'+akpk y

f (x) =%XTAX- b'x
According to Theorem 5.2 x,,;, minimizes f , hence | x- x |2
Or

1%+ P (A - X I3 X =% + P, (A)r,  From (D)

Therefore, P’ solvesthe following problem:

A

min 1%+ P(A)r, - X
Py




Weknow r = Ax - b=Ax - AX = A(X,- X )

X1~ X = Xt PI:(A)rO -X

— * * Xk+1 XO +P (A)r

- (XO - X*) + Pli(A)rO ) From (D)
= (%= X )+ R (A A% - X)

=[1 +R (A A(x- X) (A)

Assume n,l, areeigenvectors & eigenvalues of A

n
* [e]
X- X =a XV,

Show N are aso eigenvectorsof R(A
R (A) =g, +gA+...+g A"

R(AN, =g,In; +g,An, +g,An +...+g, A'n
R(AN, =g, +g/l n +g,l A, .+g, Al n,
P(A)n gJ]I +gl i |+gZ| I2n +gkAk-2| 2n
R(AN =g +al n +gol T+ + gl

R(AN, =@, +a) ; +9,l 2...+g,] N,
B.(An; =P( ),




Therefore B (AN, =P(I ;) )n, fori=12,...,n

n
* [e]
Weknow Xp- X =a XVi

i=l
X1 = X =[1 +R (A)AI(X - X)) From (A)
Xea- X =a [+ B (A AKXy

i
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i=l

Il X = X ||A:§eé[1+l P i)}(iniT gAgeeé [+l P ( i)}(inig
ei=l g Qig g
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. o .
X~ X 2= @ 1+ R ()%

Since polynomial generated by GC is optimal
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Theorem 5.4

If A hasonly r distinct eigenvalues, then the CG iteration
will terminate at the solution in at most r iterations.

Proof
Define polynomial:

G _
QU= T (-t -l -t

Q(,)=0fori=12...,n
Q(0=1
Q (I)-1 Is polynomial of degreer with root at

=0
5 -Q0)-1
1T | Degreer-1

gjnlﬁrin£ar)1([l+| Al i)]2 (B)
0L M1+ Pyl PESSIL+] B0 )P=gmQ 0 ) =0




rF?i_Tlgingri[l"'l PP =0

For k=r-1
From (C)
* 2 i 2 *n2 —
1%~ X BER "0+, R (P ll% - X [2=0
% - X |[A=0
Therefore .
=X
X QED
Theorem 5.5
If A hasdistinct eigenvalues I, £1,£...£1 we have

,2

r e n-1,0 -2

| %1 - X ILE ng 1% - X Ia
In—k"’llﬂ

Eigenvalues




Eigenvalues

O T R I

Select polynomia R () of degree k such that

Q.. (1 )=1+1R(I) Hasroots at k largest eigenvalues
I n’l n—l""’I n- k+1

Aswell asat mid point 1, andl,

Maximum value attained by Q on the remaining eigenvalues is precisely

an—k_llg
* max * [
(©) Xei- X ||A£“:'”1£.£n[1+|-P(l-)]2||x0-x I o
[ %y - X IIA£§I o I|><0 X 2
Example

m largest eigenvalues
Clustered around 1

| Xner= X > €%~ X |l For small value of e
CG will convergein only

ﬁ m+ 1 steps.

1 %ea- X IIAEEI I ”Xo X 5
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Example

| 1
i logiivaeag

- chissered eigenvaloes

— -
unifonmly distrbmed
srpenwaluis

The matrix has five large eigenvalues with al smaller eigenvalues
Clustered around .95 and 1.05

N=14, has four clusters of eigenvalues. single eigenvalues at
140, 120, a cluster of 10 eigenvaues very closeto 10 with the
remaining eigenval ues clustered between .95 and 1.05.
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Convergence Using L2 norm

2

KA1

K(A)+15

%= X llaE él

i I
K(A) H Al A1||z=|—1

Convergence Rate of Steepest
Descent: Quadratic Function

%= X IIQ£

As the condition number increases the contours of the quadratic
become more elongated, the zigzags of line search becomes more

pronounced.

| = "Xk X ”Q Theorem 3.3
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