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Lecture-14

Rate of Convergence of CG

Algorithm 5.2
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We only need to know values 
of x, p and r only for 2 iterations.

Major computations: matrix-vector 
product, two inner products, and three 
vector sums.
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Key points

• According to theorem 5.3 Algorithm 5.2 
should converge at most n steps.

• Convergence less than n iterations, 
depending on the eigenvalues of matrix A.

• If A dose not have favorable eigenvalues, 
then precondition A to get faster 
convergence.

Theorem 5.4

If A has only r distinct eigenvalues, then the CG iteration
will terminate at the solution in at most r iterations.
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Rate of Convergence
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Theorem 5.4

If A has only r distinct eigenvalues, then the CG iteration
will terminate at the solution in at most r iterations.

Proof
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Example

The matrix has five large eigenvalues with all smaller eigenvalues 
Clustered around .95 and 1.05

N=14, has four clusters of eigenvalues: single eigenvalues  at 
140, 120, a cluster of 10 eigenvalues very close to 10 with the 
remaining eigenvalues clustered between .95 and 1.05.
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Convergence Using L2 norm

AAk xx
A

A
xx ||||

1)(

1)(
|||| *

0

2

*
1 −











+
−

≤−+ κλ
κ

n

AAA
λ
λκ 1

2
1

2 |||||||||)( == −

Convergence Rate of Steepest 
Descent: Quadratic Function
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As the condition number increases the contours of the quadratic
become more elongated, the zigzags of line search becomes more 
pronounced.

Theorem 3.3


