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3-D Rigid Motion

X' X rn, o, nsl|X T,
Y |=R|Y |+T=|r, 1, n||lY| + TY

VA VA 7y

Rotation matrix (9 unknowns) Translation (3 unknowns)

Rotation
X = Rcos¢
Y =Rsing
X'=Rcos(®+¢)=RcosOcos¢p — RsinOsin ¢
Y' = Rsin(® +¢) = Rsin®cos¢ + RcosOsing
X' =Xcos®-Ysin®
Y =Xsin®+YcosO

X cos® -sin® O0][X
Y |=[sin® cos® O0||Y
Z' 0 0 1|Z




Rotation (continyed)

1 00
R=(0 10
0 0 1
[cos® -sin® 0
R=|sin® cos® 0
0 0 1
[cosp 0 -sinp
R=| 0 1 0 X
sinf 0 cosf
Euler Angles
cosacosf cosasinfsiny —sinacosy cosasin fcosy +sinasiny
R=RSRIR!, = |sinacos B sinasinfsiny +cosacosy sinasin fcosy —cosasiny
-sin f cos fsiny cos ffcosy
!} if angles are small( cos®~1 sin® ~©




Image Motion Models

Displacement Model




Orthographic Projection

Image Plane

World
point
image
y=Y
x=X
Orthographic Projection
X' X naoohn ha||X T,
Y' |=R|Y |+T=|r, r, m|lY| +|T,
z A Iy Tn Il T,
x =X
_y (x,y)=image coordinates,

Y X,Y,Z)=world
X' =rnx+r,y+ 2+ T, (X,Y,Z)=wor
C wy (2 +T) coordinates
V' =r,x+r,y+ (32 +1T,)

x'=ax+a,y+b,

Y =ax+a,y+b, Affine Transformation

a a, b,
X' = Ax+b A= b=

<=

a, a, b,




Orthographic Projection (contd.)
.

b I -a BX] [T,
Y [=R\Y |+T=|a 1 -y||Y |[+|]}
7| |z By |z| |1,
X'=x-ay+pZ+T,
y=ox+y-yZ+T,
Perspective Projection
Image Plane World
f Lens point
. Z
image
-y _/
Y Z




Perspective Projection

X' X oo K || X Ty
Y |=R|\Y |+T=\r, r, nl||Y| +|T
A A B oFy |2 T,

X' =nX+nY+r,Z+T,
Y'=r,X+nr,Y +r,Z+T,

r
Z =ryX+nr,Y+r,Z+T, T,
WX+ 1,y +I,+—

/ VA
x' = o
v =£’ ’ y’ X+ Y+ Ty +?Z <«——scale ambiguity
2 =7 y
Iy X+r,y+r,;+ ?
focal length = -1 y' =

Z
X +r,y+n;+ ?

Plane+Perspective(projective)
aX+bY+cZ=1 [x1 [x X

X =R |+Ta b ]y
[a b clY|=1 7' 7 7
Z
equation of a plane X' X
Y' |=R|Y |[+T
A Z

3d rigid motion




Plane+Perspective(projective)

X' X
Y'|=AlY
7' 7

X'=aX+aY+aZ
V'=a,X+aV+aZ
Z'=a,X+aY +a,7

focal length = -1

g X+aY+aZ

a, X +aY +a,Z
' a,X+aY+a
a, X +aY +a,Z

y A x+a,y+a,

a, =1
a,x+agy +a,

. agx+ay+a, scale ambiguity

a,x+agy+a,

Plane+perspective (contd.)

, ax+a,y+a,
X =—2

a,x+agy+1

;o aux+agy+ag

a,x+agy+1

X' = ATX +b
C'X+1
a, . .
Rt Projective




Least Squares

* Eqofaline

B
mx+c=y :

* Consider n points

mx, +c =y, x,

mx,+c=y,

_yl_

Least Squares Fit
Ap=Y

A"Ap=A"Y
p=(A"TA)'A"Y

n
minz(yl. —mx, —c)’
i=1




Projective

« If point correspondences (x,y)<-->(x’,y’) are known
* a’s can be determined by least squares fit
Yo AXtay+a,
a,x+agy+1
’ a,x+asy+ag
B a,x+agy+1

'
a,
: 114
x, y, 10 00 —xx; =yxilla,| |x;

000 X Vi 1 _xiy; _yiy; as Vi

Affine

*If point correspondences (x,y)<-->(x’y’) are known
*a’sand b’s can be determined by least squares fit

"= b
x'=ax+a,y+b,

!
Y =ax+a,y+b,

a,
. bl .
X, y, 1000 a,| |«
000 x y 1 a| |y
: b, :
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Summary of Displacement Models

i ! 2 2

Translation Y=x+h X200, 0 Ha) Ay _
, , , , Biquadrati
y=yth, Vo=l A X+ agy+a, X +ayyapxy

ngld )C’=)CCOSH—ySin9+b1 x’=a1+a2x+a3y+a4xy
y =xsinf + ycosO +b, y’=a5+a6x+a7y+a8xy Bilinear
!
_ X =ax+a,y+b
Affine

!

! 2
% =a3x+a4y+b2 X -a1+a2x+a3y+a4x +a5xy

! 2
ML VALY A ]
cx+c,y+1 P d P t
Projective /- X*ar+h seudo Perspective
c1x+czy+1

Displacement Models (contd)

 Translation

— simple

— used in block matching

— no zoom, no rotation, no pan and tilt
» Rigid

— rotation and translation

— no zoom, no pan and tilt

11



Displacement Models (contd)

+ Affine
— rotation about optical axis only
— can not capture pan and tilt

— orthographic projection

* Projective
— exact eight parameters (3 rotations, 3 translations and 2
scalings)
— difficult to estimate

Displacement Models (contd)

* Biquadratic
— obtained by second order Taylor series
— 12 parameters

* Bilinear

— obtained from biquadratic model by removing square
terms

— most widely used
— not related to any physical 3D motion
* Pseudo-perspective

— obtained by removing two square terms and
constraining four remaining to 2 degrees of freedom
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Spatial Transformations

translation rotation D

T B

rigid

affine

Decomposition of Affine

A=SVD =S(DD™")VD = (SD)(D"'VD)

_ R(@)C = c?sa -sinal[v, vh]
SIna cosa Vi V»
1 Oflcosp —sinf
A=Alp _
a p sinff  cospf

) fs
A = scale _ factor = $.8,, P= scale _ratio= |-, a =skew
s
y
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Displacement Models (contd)

ity mos

{RELATIVE- (FAEUD-
{ORMINAL) [AFFINE) {BILINEAR) (FREOJECTIVE) FROIECTIVE) PERSFECTIVE)  (BIQUADRATIC)

Affine Mosaic
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Projective Mosaic

Instantaneous Velocity Model
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3-D Rigid Motion

- 0 -a BX] [T,
I -a /5 X TX Y'-Y |=|la 0 -y||[V|+|T,
a 1 -y||Y [+|] -7 |-B v 0|Z] |1,
-y L|Z] |T, X 1o -9 9 x] [v]
vl=le, o -qlr|+|v,
z _Qz Ql 0__Z V%
—a BT [l 0 ON\[X] [T,
0 =—-y|[+]0 1 Of||Y |+]|T,
y ol oo 1l)lz]| |z

3-D Rigid Motion

X=Q7Z-QY+V,

Y=Q.X-QZ+YV, X
Z=QY-QX+V, |
Q.

i Q=Q,
X=QxX+V o

Cross Product




Orthographic Projection

X=Q27Z-QY+V,
Y=QX-QZ+YV,
Z=QY-QX+V, x

<
n
e~

u=x=2,Z2-Q.y+V,

v=y=Qx-QZ+V, (u,v) is optical flow

Perspective Projection (arbitrary flow)

4 Z Z Z
y=2Lr -z Yz
z Y 7’ z 77z
X=Q,7Z-Q)Y+V,
Y=Q.X-QZ+V,
Z=QY-Q,X+V,
u=f(ﬁ+522)—£)c—$23y—&)cy+&x2
VA VA f f
v, v, Q Q
v (2 -Q)+Qx——=y+—2xp-——1y°
f(Z D+, ~ 7 I y fy
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Plane+orthographic(Affine)

Z=a+bX +cY

b =V, +al2,
u=V,+Q,Z-Q,y a, = bQ2,
v=V,+Q.x-Q7Z a, =cS2, —Q,
u=b+ax+a,y b, =V, — a2,
v=b,+a,x+a,y ay =L, —b€2

O a, = —cL2,

Plane+Perspective (pseudo

perspective)
u=f(%+92)—%x—93y—%xy+%x2 Z=a+bX +cY
VZ V3 Q2 Ql 2 l—l_é _£
v=f(;—Ql)+Q3x—Ey+7xy—7y 72 ax ay

¥

2
U=a,+a,x+a,y+a,x" +axy

2
V=a,+a,X+a,y+a,xy+a.y
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