
PARTITION INTO GLOBAL DEFENSIVE ALLIANCES(PGDA) is NP-Complete. 
 
NOT ALL EQUAL 3SAT (NAE3SAT) 
Input: A set { }nuuuU ,...,, 21=  of variables and a collection { }mCCCC ,...,, 21=  of clauses 

over U, where each clause contains exactly three literals (variables or their 
complements}, with no literal appearing more than once in any given clause. 
 
Question: Is there a truth assignment that makes one or two (but not all three) literals true 
in each clause? 
 
We may assume that each literal appears in at least one of the clauses, otherwise, for each 
literal ju  that does not appear in any of the clauses, we can add another variable y  and 

two clauses { }yuuC jj ,,1 =′  and { }yuuC jj ,,2 =′ . These two clauses are satisfied by any 

truth assignment and do not affect the truth assignment of the original problem. 
 
Theorem: Given a graph G, the problem of deciding whether the graph G has a partition 
into global defensive alliances is NP Complete. 
 
Proof: Given an instance of NAE3SAT with n variables and m clauses, we transform it 
into an instance of PGDA by constructing a graph ( )EVG ,=  as follows: 
 
For a literal UUu ∪∈ , let ( )uC  be the set of clauses that contains u . Let 

TRXQV ∪∪∪= , where ( ) ( ){ }UUuuqQ ∪∈= , , { }nixX i ≤≤= 1, , 

( ) ( )( )uRR
UUu ∪∈= U , and jmj TT ≤≤= 1U . For all Uu ∈ , ( ) ( ) ( ){ }21, +≤≤= uCiuruR i , 

and for all Uu ∈ , ( ) ( ) ( ){ }uCiuruR i ≤≤= 1, . Also, for all CC j ∈ , 

( ) ( ) ( ) { }{ }cbaCctbtatT jjjjj ,,|,, == . For each literal UUu ∪∈ , we create a star ( )uS , 

where ( )( ) ( ){ } ( )uRuquSV ∪=  and the vertex ( )uq  forms the center of the star. For each 

Xxi ∈ , we add edges ( )ii uqx  and ( )ii uqx  in graph G . For each clause CC j ∈ , we 

setup a triangle jT  in V  and for each vertex ( ) jj Tut ∈ , add an edge ( ) ( )utuq j  in graph 

G . 
The order of the constructed graph, mnV 65 +=  and the size of the graph, 

mnE 94 += , which is polynomially related to the size of NAE3SAT problem. 

 
We now claim that the constructed graph G  has a partition into global defensive 
alliances if and only if the given instance of NAE3SAT has a satisfying truth assignment. 
The proof of the claim is as follows: 
 
�  Suppose that the given instance of NAE3SAT has a satisfying truth assignment 

{ }1,0: →Uf . We define a partition of the vertex set 21 AAV ∪=  as follows: 

( ){ } { } ( )( ) ( ) ( ){ }( )( )�� mj jijufUUu iiii TutuRUuxuqA
ii ≤≤=∧∪∈

∩∪∪∈∪=
111 |  and 



12 AVA −= . We now show that both 1A  and 2A  are global defensive alliances in graph 

G . Consider any { }2,1, ∈∈ rAv r  and consider five cases:  

Case 1: ( )iuqv =  for some Uui ∈ . From the partitioning scheme,  

( ) { } ( ){ }( )( )� mj jijir TutxAvN
≤≤

∩∪=∩
1

, i.e.,  ( ) ( )ir uCAvN +=∩ 1 . Similarly, 

( ) ( ) ( )ir uRAVvN =−∩ , i.e., ( ) ( ) ( )ir uCAVvN +=−∩ 2 . Hence 

( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN .  

Case 2: ( )iuqv =  for some Uui ∈ . Again, from the partitioning scheme,  

( ) ( ){ }( )� mj jijr TutAvN
≤≤

∩=∩
1

, i.e.,  ( ) ( )ir uCAvN =∩ . Similarly, 

( ) ( ) ( )ir uRAVvN =−∩ , i.e., ( ) ( ) ( )ir uCAVvN =−∩ . Hence, 

( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN .  

Case 3: ( )iuRv ∈  for some UUui ∪∈ . Then by construction and partitioning 

scheme, ( ) ∅=∩ rAvN  and ( ) ( ) ( ){ }ir uqAVvN =−∩ . Hence, 

( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN .  

Case 4: ixv = . Then ( ) ( ){ }ir uqAvN =∩  and ( ) ( ) ( ){ }ir uqAVvN =−∩ . Hence, 

( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN .  

Case 5: ( )ij utv =   for some UUui ∪∈ . By construction and partitioning scheme, 

( ) ( ){ }ir uqAvN ⊇∩  and by the property of satisfying truth assignment of NAE3SAT, 

( ) ( ) ( ){ }ijjr utTAVvN −⊆−∩ . Hence, ( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN .  

 
Since for all rAv ∈  where { }2,1∈r , ( ) ( ) ( ) 1−−∩≥∩ rr AVvNAvN , rA  is a defensive 

alliance. It is also easy to see that [ ] VAN r = . Hence, both 1A  and 2A  are global 
defensive alliances and they partition the vertex set of graph G.  
 
⇐  Suppose now that the constructed graph G has a vertex partition 21 , AA  such that both 

1A  and 2A  are global defensive alliances. Since each vertex Xxi ∈  is adjacent to only 

two vertices ( )iuq  and ( )iuq , exactly one of these vertices must be in the same set rA , 

{ }1,0∈r , otherwise [ ] { }ir xVAVN −⊆− , which is contrary to rAV −  being a global 

defensive alliance. Suppose that ( ) ri Auq ∈  for some UUui ∪∈  and { }1,0∈r . It is easy 

to see that ( ) ∅=∩ ri AuR . Suppose to the contrary and let  ( ) ri AuRw ∩∈ . Since 

[ ] ( ){ } ri AwuqwN ⊆= , , [ ] { }wVAVN r −⊆− , which is contrary to rAV −  being a global 

defensive alliance. This also implies that for all ( ) ri Auq ∈ , ( )( ) ( ) ( )iri uRAVuqN ⊇−∩ .  

Consider two cases: 
Case 1: Uui ∈ , then by construction, ( ) ( ) 2+= ii uCuR . Thus by above implication, we 

have, ( )( ) ( ) ( ) 2+≥−∩ iri uCAVuqN . Since ( )[ ] ( ) 42 += ii uCuqN , and since rA  is a 



defensive alliance, we must have 
( )[ ] ( )[ ] ( ) ( ){ } ( ){ }( )( )� mj jijiiiiri TutxuquRuqNAuqN

≤≤
∩∪=−=∩

1
, .  

Case 2. Uui ∈ , then by construction, ( ) ( )ii uCuR = . Also by Case 1,  

( )( ) ( )rii AVuqNx −∩∈ . Thus ( )( ) ( ) ( ) 1+≥−∩ iri uCAVuqN . Since 

( )[ ] ( ) 22 += ii uCuqN  and since rA  is a defensive alliance, we must have 

( )[ ] ( )[ ] ( ) { } ( ){ } ( ){ }( )( )� mj jijiiiiri TutuqxuRuqNAuqN
≤≤

∩∪=−−=∩
1

.  

 
The above arguments show the following lemma. 
 
Lemma 1: For all UUui ∪∈ , if ( ) ri Auq ∈  for { }1,0∈r , then for all ( ) Tut ij ∈ ,  

mj ≤≤1 , ( ) rij Aut ∈ .  

 
We now define a truth assignment, { }1,0: →Uf , such that ( ) 1=iuf  if and only if 

( ) 1Auq i ∈ . We claim that f is a truth assignment that makes one or two (but not all three) 

literals true in each clause. Suppose to the contrary and let { }cbaC j ,,=  be a clause such 

that ( ) ( ) ( )cfbfaf == . From the definition of f, ( ) ( ) ( ){ } rAcqbqaq ⊆,, , { }1,0∈r  and 

from Lemma 1, ( ) ( ) ( ){ } rjjjj ActbtatT ⊆= ,, . By construction of graph G, 

[ ] ( )[ ] ( )[ ] ( )[ ] ( ) ( ) ( ){ }cqbqaqTctNbtNatNTN jjjjj ,,∪=∪∪= , which is contrary to 

rAV −  being a global defensive alliance.  
 
 
 


