Solution for Assignment #2

Khurram Hassan-Shafique

Prove the following results
1 go, (%) * (9o, (x) * I) = go(x) * I. Also, find the value of ¢ in terms of o7 and o,.
Proof:

L = go. (@) * (9o () * 1)
= F(L) =F(go,(2) * (9o, (x) x I))
= F (9o, (2)) F ((9o, () x I)) By Convolution Theorem
= F (9o, (x)) F (95, (x)) F (I) By Convolution Theorem
= g (u) g1 (wF (T) Since F (go(2)) = 2= g, ()

2 o

= exp ﬁ_“;‘#)F (I) where o = /0% + o3
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2. 9o(2,9) = 9o ()95 (y)-
Proof:

_ 1 z24y?
gﬂ(xﬂy) — 2702 exp <7 202

)Nt -k

= Yo (x)gcr (y)




3. go(z,y) * I = go(x) * (9o (y) * I).
Proof:
Method 1.

Method 2.
9oz, y)xI = [ [go(x—a',y—y)I(,y)dyds

:ffgcf (x—a") g, (y—y')I(2,y")dy'da’ By Problem 2

=J9s (@ =2 [[ 9, (y—¥) ( y') dy'] da’
= [ 90 (2 —2") (g5 (y) = 1) (2", y/') da’
= 9o (7) * (9o (y) * I)

4. A(go(z,y) *I) = (Ago(w,y)) * 1.

Proof:

L = & (90 (z,y) * 1)

= F(L :F(% (9o (z,9) *I))
=uF (g,(z,y) x I) SinceF(a%f) =uF(f)
=uF (9,(x,y)) F(I) By Convolution Theorem
= [uF (g0 (z,y))] F (I)
= F ($590(z,y)) F(I)

= F(L) = [(a%g y)) * 1]

=L = (£ go(z, ) 1

Similarly, we can prove that 3% (9o (x,y) *x I) = (Er)—ygg(:r7 y)) x 1.

Hence, A (go(w.9) < 1) = [£ (@)« D) 2 (o) «D] = [(Zonen)+I (Zoolew))#1]

[(a%ga(w,y)) (,%ga(w,y))r « I = (Ago(z,y)) * I



5. |A] is isotropic (rotation invariant).
Proof: Let I(x,y) be an image and I(2’,3’) be the rotated image such that [z’ y']7 = R[z y]T where R is a 2D

rotation matrix. Since R~ = RT, we have, [z y]T = RT[2' ¢']T. Hence,
x=1x cosf + y sinf y=—2'sinf + 1 cosf

Now the derivatives of I in rotated coordinate system are given by

of _oror ooy _or . o
oz’ Ox 0z’ Oy ox ax dy

oI 00z 0I0y 0OI s
ay ~ or By dy Oy’ ax

The magnitude of gradient |A| in rotated coordinate system is given by

oI
9+a—y cos 6
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6. A? is linear and isotropic (rotation invariant).
Proof:

Linearity Let f(z,y) and g(z,y) be two functions and k be any scalar, then we have,

2 2
A (f+g) =Z=(f+9)+52(f+9)
02 92 92 02 . . . .
=52+ 5=9+ aTﬁf + 5529 By linearity of derivative
2 2 2 2
= |8 F + S f] + [Fro+ B29]
= A7+ A%
Also,
2
A? (kf) = 312 (kf) + aay (kf)
=kg= f + k 597 f By linearity of derivative
k| Lot + £ f]
— EA2f
Hence, A? is linear.
Rotational Invariance
Let I(z,y) be an image and I(x’,y’) be the rotated image such that [z y']7 = R[z y]T where R is a 2D rotation

matrix. Since R™! = RT, we have, [z y]T = RT [z ¢']T. Hence,

x=2x'cosf 4y sinf y=—2'sinf + 1 cosf



Now the derivatives of I in rotated coordinate system are given by
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Similarly the second derivatives of I in rotated coordinate system are computed as follows:
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a [ osH——sm@ cosH—a—y{amcose—a—ymn@ sin 6
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[ cosf — awy sinf| cos 6 — {alay cosf — 6 s1nt9 sin 0
a 2
557 COS 9— 8 sin 6 cos 6 — a 8 sin @ cos 6 + 2 o7 1 gin%0
g— cos? 6 — 281 sm@cos@—i— L sin?6
(9[/ ox 31/ dy

90 oy T oy ay
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)
[8— sind + 2 a 8y cos@|sinf + {&cay sm9+ L cosB| cosd
g sin 9+ 81n9c059+ sm@cos@—i— L cos? 0
921 2
5T 8 smﬁcosﬁ—i—a > cos® 0

Finally, the Laplacian of the image in rotated coordinate system is given by

A2I(:L‘/, y/)

o1? o1?
927 1 oy

2
= {—gwg cos? 6 —

= % (0082 0 + sin 9) + B—yg (0052 6‘ + sin? 9)
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7. A% (go(x,y) * 1) = (A2go(x,y)) * 1.

Proof:

L

= A% (go(z,y) = 1)

= F(L) =F (A2 (9o (x,y) * I))

F
=F
’F

2 (90(0,y) + D) + 5 (90 (2.9) 1)
e (9olw,y) + 1)) + F (2 (go(w,9) 1)
(9o (2, y) + 1) + 02 F (9o (2, y) + I)
W2F (g5 (2,y)) F (1) + 0*F (g, (w,y)) F (1)
[42F (g (2, )] F (1) + [vF (g5(,9))]
(2295 (2.9)) F (1) + F (£290(21))
| (Z290 (@) + F (3290 (2.0)) | F (D)
(2290 (2.9) + Bz @,9)] F (D)
[Aan @ y] (I)
[

()
()

F
F F
F
F
F

(A2gg x y)) * I

By linearity of Fourier Transform

SlnceF( nf) =u"F(f) &F(%f>

By Convolution Theorem

= 0" F(f)



