
 1

he arithmetic coders used in JPEG, JPEG 2000 and JBIG are called QM-
coder 1 . It handles only binary strings or input and it is designed for 
simplicity and speed. It uses approximation for multiplication operation, 

fixed-precision integer arithmetic with renormalization of the probability interval 
from time to time. 
 
The main idea of the QM-coder is to classify the input bit as More Probable 
Symbol (MPS) and Less Probable Symbol (LPS). Before the next bit is input, the 
QM-coder uses a statistical model (using a context, typically a two-dimensional 
context of black and white pixel in an image) to predict which one of the bits (0 or 
1) will be the MPS. If the predicted MPS bit does not match with the actual bit, 
then the QM-coder will classify this as LPS; otherwise, it will continue to be 
classified as MPS. The output of the coder is simply a compressed version of a 
stream of MPS or LPS, which are assigned probability values dynamically. The 
decoder has only the knowledge of whether the next predicted bit is MPS or LPS. 
It uses the same statistical model as that of the encoder to obtain the actual values 
of the bit. Recall the range update equations we used for arithmetic coding: Let L 
and H denote the current ‘low’ and ‘high’, respectively,  and current ‘range’ A=H-
L. Let the current incoming symbol be ai, , its probability be  p (ai)  and its 
cumulative low and high probability be P(ai-1) and  P(ai), respectively, then the 
new low and new high  become 
 

L: = L + (H – L) * P (ai-1) 
H: = L + (H – L) * P (ai) 

 
Then the new range becomes ( by subtracting new L from new H) 
 

A: =A [P (ai) - P (ai-1)] =A* p (ai) 
 

 
Let us assign a probability Q to LPS and assign the lower interval to MPS with  
 

                                                 
1 There is an error in the book [Data Compression: The Complete Reference, 2nd Edition]: 
Page 121, Table 2.64: The renormalized values of C are wrong. The correct table is: 
 
Symbol         C                 A         Renor. A    Renor. C 
----------------------------------------------------------------- 
Initially  0                  1              
S1 (LPS)   0+1-0.1=0.9        0.1            0.8     0.9*2^3=  7.2 
s2 (MPS)   unchanged 7.2      0.8-0.1=0.7    1.4       7.2*2= 14.4 
s3 (LPS)   14.4+1.4=0.1=15.7  0.1            0.8    15.7*2^3=125.6 
s4 (MPS)   unchanged 125.6    0.8-0.1=0.7    1.4     125.6*2=251.2 
 
     Table 2.64 Renormalization Added to Table 2.61. 
 -----------From http://www.davidsalomon.name/DC2advertis/DC2errata.html  
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The  value of Q is calculated dynamically using a statistical model.  The output  
is simply a  fractional value C indicating the state of the encoder, more specifically, 
the lower bound of the new sub-interval. If the next symbol is classified as MPS, 
the lower bound of the new interval remains unchanged, so C is unchanged. 
However, if the next symbol is LPS, the lower bound of the new sub-interval will 
be leveraged by the value of A(1-Q), so C is updated as C+A(1-Q).  
 
The encoder executes the following code: 
 
When MPS is encoded 
                              begin 
                                      C is unchanged; 
                                      A: = A (1 – Q) 
                              End 
When LPS is encoded 
                              begin 
                                      C: = C+A (1 – Q); 
                                      A:= AQ 
                             End 
 
 

 
 
Example: 
 
Assume Q= 0.5. Input: ( LPS, MPS, LPS, MPS). Initially, C=0 and A=1. 
 

Symbol Probability Range 
LPS Q [1-Q,1] 
MPS 1-Q [0,1-Q] 

0

A(1-Q) 

A

MPS 
Subinterval 

LPS 
subinterval 

Assignment of 
subintervals for QM-
coder 
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Step1: LPS : C=0+1(1-0.5)=0.5                       A= 1*0.5= 0.5 
Step2: MPS: C=0.5                                          A= 0.5(1-0.5) = 0.25 
Step3: LPS:  C=0.5+0.25(1-0.5) =0.625          A=0.25*0.5= 0.125 
Step4: MPS: C=0.625                                      A=0.125(1-0.5) = 0.0625 
 
Note, the range continues to shrink and the value of C gets bigger with longer 
input sequence. 
 
The QM-decoder is just the reverse of the QM-encoder. We begin with initial 
value of A =1. The dividing line is A(1-Q)=1(1-0.5)=0.5. So, initially the 
(MPS.LPS) subintervals are [0,0.5) and [0.5,1), respectively.  
 
Step1: C=0.625 falls in upper subinterval. So, an LPS is decoded. The new      
C=0.625-1(1-0.5)=0.125 and new A=1*0.5=0.5. 
 
Step2: C=0.125, A=0.5. The dividing line is 0.5(1-0.5) =0.25. The (MPS,LPS) 
subintervals are [0, 0.25) and [0.25,0.5) , respectively. So, a MPS is decoded. The 
value of C remains unchanged and new A= 0.5(1-0.05)=0.25. 
 
Step3: C=0.125, A=0.25. The dividing line is 0.25(1-0.5) =0.125. The (MPS,LPS) 
subintervals are [0, 0.125) and [0.125,0.25) , respectively. So, a LPS is decoded. 
The new C=0.125-0.25(1-0.5)=0  and new A=0.25*0.5=0.125. 
 
Step4: C=0, A=0.125. The dividing line is 0.125(1-0.5) =0.0625. The (MPS,LPS) 
subintervals are [0, 0.0625) and [0.0625,0.125) , respectively. So, a MPS is 
decoded. The value of C remains unchanged and new A= 0.125(1-0.05)=0.0625. 
 
The decoding algorithm can be written as  
 
                                        
                                             Input C, A=1 and Q; 
                                             Begin 
                                                          X:= A*(1-Q); 
                                                     MPS_interval=[0, X); 
                                                     LPS_interval= [X,A); 
                                                     If  C  is in  MPS_interval then 
                                                         { Output MPS symbol; 
                                                              A:=A*(1- Q)} 
                                                       else  
                                                          { Output LPS symbol; 
                                                               C:=C- A*(1- Q); 
                                                              A:=A* Q)} 
                                                       endif; 
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                                                 end 
 
If we take  Qe= 0.1, with the same input, the final value of C will be 0.981 and that 
of A 0.0081. If A gets too small, the precision of the machine will not be able to 
handle the fraction. The proposed remedy is to renormalize by doubling A and C (in 
effect, left shifting the binary integer by one bit representing the multiplication by 2). So, 
we need some threshold t such that when A is less than t, then A should be doubled. 
Furthermore, both A and 2*A should be close to 1.0. The mathematically representation 
for this requirement is: 

Find t>0.5 such that we have min(max(1-t, 2t -1)) 
If t has the value of 0.9, then max(1-t, 2t -1) = 0.8; if t has the value of 0.6, then max(1-t, 
2t -1) = 0.4. The solution to this problem is t = 0.75, and max(1-t, 2t -1) = 0.25. 
 
The other problem is to compute the new value of the range A which needs multiplication. 
The JBIG committee recommended that the multiplication could be avoided by 
approximating the value of A to be close to 1, that is, A (1 – Qe)  is approximated by (A  
– Qe) and AQe  by Qe.  With the optimal threshold t = 0.75, the value of A is always 
maintained between [0.75, 1.5).  
 
            In order not to violate the assumption that A is close to 1, whenever A goes 
below 0.75 the QM coder goes through a series of rescaling until the value of A 
goes higher than 0.75. The rescaling operation is simply doubling which 
corresponds to a left shift if A is represented in binary. The same rescaling must be 
applied to C by doubling its value. Rescaling happens every time LPS occurs. For 
A, the rescaling occurs only if its value dips below 0.75. The modified encoder 
algorithm is:  
 
                When MPS is encoded 
                              begin 
                                      C is unchanged; 
                                      A: = A – Qe; 
                                      If (A<0.75) then 
                                      Renormalize A and C; 
                                      Endif; 
                              End 
                 When LPS is encoded 
                              begin 
                                      C: = C+ (A - Qe); 
                                      A:= Qe; 
                                                         Renormalize A and C; 
                             End 
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In the aforementioned pseudo-code, when LPS is encoded, A is updated as Qe, which is 
in practice always less than 0.5. So the condition of the re-normalization A < 0.75 holds. 
Therefore re-normalization is always conducted when we have a LPS symbol.  
 
One problem introduced by approximated re-normalization is that the subinterval 
allocated to the MPS may be smaller than the sub-interval allocated to the LPS. This is 
because we use A= A-Qe to approximate A=A(1-Qe). For example, suppose we have 
Qe=0.45, and we have four MPS in a row. Initially, we have C=0, A = 1. After first MPS, 
A becomes 0.55, and re-normalized to 1.1, while C remains 0. After second MPS, A 
becomes 0.65, and re-normalized to 1.3, while C remains 0. After third MPS, A becomes 
0.85, and no re-normalization is performed. When we encode the fourth MPS, the sub-
interval allocated to the MPS becomes A – Qe = 0.40, while the sub-interval allocated to 
LPS is 0.45. Now, the sub-interval allocated to MPS is smaller than the LPS sub-interval. 
It can be seen that the condition for this situation is that Qe > A / 2, or Qe > A - Qe. The 
solution is to perform conditional exchange: interchanging the two intervals under the 
afore-mentioned condition. Because conditional exchange is caused by the approximated 
re-normalization, the test for conditional exchange is only performed when re-
normalization is needed. 
 
The pseudo-code for the approximated re-normalization with conditional exchange is: 
 
                When MPS is encoded 
                              begin 
                                      C is unchanged; 
                                      A: = A – Qe; 
                                      If (A<0.75) then 
                                       If (A<Qe) then 
                                        C:=C+A 
                                        A = Qe 
                                       Endif 
                                      Renormalize A and C; 
                                      Endif; 
                              End 
                 When LPS is encoded 
                              begin 
                                      If (A-Qe>=Qe) then 
                                      C:=C+A - Q 
                                     A = Qe 
                                    Else 
                                     A = A-Qe 
                                    Endif 
                                                         Renormalize A and C; 
                             End 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


