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Abstract

In precomputedradiancetransfer (PRT), the radiance
transferoperatoris precomputedon verticesof a mesh.
During renderingthetransferoperatoris combinedwith
illumination to produceglobal illumination effects at
real-time frame rates. However, visible error can be
introducedby interpolatingthe transferredradiancebe-
tween vertices. We proposeto adaptively subdivide
mesheswith PRT in orderto avoid the interpolationer-
ror. Themeshdensityis increasedwherethetransferred
radiancecanchangerapidlyandintroducehigherror. We
exploit thefactthattheillumination frequency in PRT is
boundedandthusweareableto performthesubdivision
during the preprocessingphase.This obviatesthe need
for dynamicmeshsubdivision at render-time. Theadap-
tive subdivision is guidedby anerrormeasurebasedon
thetransferoperator.

CR Categories: I.3.7 [ComputerGraphics]: Three-
DimensionalGraphicsandRealism—Shading,Shadow-
ing

Keywords: Adaptive subdivision, SphericalHarmonic
Lighting, PrecomputedRadianceTransfer

1 Intro duction

Precomputedradiancetransfer(PRT) [Sloanet al. 2002;
Sloanet al. 2003] is a techniqueto computelighting on
3D modelsfrom arbitrarylow-frequency directionallight
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sourcesin real-time. PRT supportsadvancedglobal il-
luminationeffectssuchassoft-shadows, interre�ections
andsubsurfacescattering.Sphericalharmonics(SH) are
usedin PRT to representillumination andbidirectional
re�ectancedistribution functions(BRDFs)[Westinet al.
1992;Kautzetal. 2002;Ramamoorthi2002].

Thereis anextensive preprocessstepin PRT which sim-
ulateshow light is shadowed and/orre�ected beforeit
reachesa point on an object's surfaceand how BRDF
turnsit into re�ected light. Resultsof thepreprocessare
storedthe in form of one transfermatrix M p per “illu-
minationpoint” p. Theillumination pointscanbeeither
objectverticesor texelsof a texturemappedontotheob-
ject.

At render-time, the transfermatrix M p is multiplied by
theSH coef�cient vectorl representingtheillumination.
Theresultingvectorl tr = Mpl is thendottedwith thevec-
tor of SHbasesevaluatedfor theviewing direction.This
is how the re�ected luminance(color) is computedfor
the illumination points(vertices,texel centers).The lu-
minanceof imagepixels to which no illumination point
projectsis computedby linearinterpolation.

Theilluminationpoints(pointsatwhich thetransferma-
trix wascomputed)form point samplingof the transfer
operatorde�ned over whole objectsurface. If the sam-
pling densityis not high enough,artifactsoccur in the
reconstructedshading(Figure1(a)). A possiblesolution
to the transferoperatorundersamplingis to increasethe
samplingdensityby uniformly subdividing trianglesor
increasingtexture resolution. However, in most cases
this wastesresourcesbecausethe rateof changeof the
transferoperatoris usuallyhighly non-uniformover the
modelsurface(Figure1(b)).

Weproposetoadaptivelysubdividemesheswith precom-
putedradiancetransferin a way that re�ects the rateof
changeof the tranferoperator(Figure1(c)). Our aim is
to distributetheerrordueto interpolationuniformly over
theobjectsurfaceby subdividing morewherethetransfer
operatorchangesrapidly. Usingthefactthatillumination
frequency in PRT (asin any otherSH-lightingtechnique)
is bounded,wecansubdivide in thepreprocessingphase.
Thiswouldn't bepossibleif illumination frequency were
not boundedbecauseof possiblesharpshadows. Since
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Figure1: Adaptive subdivision for the`column' model.The�rst two rows show themodelundertwo differentillumi-
nations,thethird row shows thetriangulations.(a)Originalmodelcontains200verticesand246triangles— too few to
capturetheshapeof thecolumnshadow correctly. (b) Uniform subdivision (1565verticesand2584triangles)increases
thequality, but therearestill interpolationartifactsvisibleontheshadow boundarynearthecolumn.(c) Adaptivesubdi-
vision(1188vertices,2828triangles)re�nes themeshnearthecolumnandtheshadow is reconstructedwith lessvisible
artifacts.

we subdivide in preprocess,we do not know theparticu-
lar illumination thatwill beusedto shadetheobject.We
thereforeestimatethe worst caseinterpolationerror for
trianglesoverall possibleilluminationsandusethisesti-
matederrorasa priority of trianglesubdivision. To our
knowledgethis is the �rst work thataddressestheprob-
lemof transferoperatorsampling.

We limit ourselves to the PRT on Lambertiansurfaces
with self-shadowing only (no interre�ections,nosubsur-
facescattering).In this casethe transfermatrix reduces
to a transfervector tp andthe outgoingradianceat p is
computedasa dot productof transferand illumination
vectorshtpjli .

2 Related work

The relatedwork on precomputedradiancetransferis
[Sloanet al. 2002;Sloanet al. 2003;Kautzet al. 2002;
LehtinenandKautz 2003], but thosepapersdo not ad-
dressthesamplingdensityof theradiancetransferoper-
ator.

Thereis muchwork on adaptive subdivision in the �eld
of radiosity, e.g.[Myszkowski et al. 1994;Martin et al.
1997; Gibsonand Hubbold 1997]. None of theseap-
proachesdirectlyappliesto ourproblem.Thefundamen-
tal differencelies in thefact that in radiosity, the illumi-
nationis �x edandknown at subdivision time. Thesub-
division criterion canthereforebe basedon a particular
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illumination. We facea differentproblem: the transfer
operatoris �x ed,but the illumination is not. We do not
know the illumination at subdivision time andthe crite-
rion mustthereforebebasedsolelyon thetransferoper-
ator.

Anotherrelatedareais dynamiclevel-of-detailthattakes
shadinginto account[Xia andVarshney 1996;Choet al.
1996;Klein et al. 1998;Williams et al. 2003]. Unlike in
theseapproaches,ouraimis toperformthesubdivisionin
preprocessandobviatedynamiclevel-of-detailselection
at render-time. We cando this becausethe illumination
frequency in PRT is bounded.

3 Our Contribution

3.1 Problem statement

Given a triangleD = (v1;v2;v3) we want to assessthe
errorintroducedby interpolatingtheresultsof PRT from
vertices(v1;v2;v3) insteadof computingthePRT at any
point of the triangle. We arelooking for the maximum
of this error over all pointsx 2 D andall “unit power”
directionallighting functions`:

eD = max
k`k= 1;x2D

jL(x; `) � Lint(x; `)j
L(x; `)

; (1)

whereL(x; `) would be the luminanceat x if PRT were
precomputedat x andLint(x; `) denotesthe interpolated
luminanceat x. We divide by L(x; `) because,according
to theWeberlaw [Ferwerda2001],weareinterestedin a
relativeerrormeasureratherthananabsoluteone.

Suchan error metric canbe used,e.g., in the following
ways:

� Color codede is presentedto thegraphicsdesigner
sothatheor sheknows wherethemodelshouldbe
re�ned.

� e is usedto guide an automaticmeshsubdivision
algorithm.

Herewedealwith theautomaticmeshsubdivision.

3.2 Mesh subdivision

Theinput of thesubdivision algorithmis a meshandthe
maximumallowednumberof triangles(trianglebudget).
The output is the meshadaptively subdivided to mini-
mizetheinterpolationerror. Theper-vertex transfervec-
tors are computedconcurrentlywith the meshsubdivi-
sion.Thealgorithmstepsareshown in Figure2.

for (everymeshtriangleDi) do
EstimatetriangleerroreDi .
if (eDi > threshold) then

Insert(eDi ;Di) into thepriority queue.
end if

end for
while (trianglebudgetnot reachedAND queuenotempty) do

ExtracttriangleDmax with maximume.
SubdivideDmax.
for (everychild c j of Dmax) do

Estimatechild errorec j .
if (ec j > threshold) then

Insert(ec j ;c j ) into thepriority queue.
end if

end for
endwhile

Figure2: Adaptive subdivisionalgorithm.

Theprioritiesaregivenby theestimateof errordescribed
in thenext section.Thesubdivision we apply is a regu-
lar subdivisiondepictedin Figure3(a).No triangleshape
qualitymetricis used— it is theresponsibilityof thede-
signerto provide aninput modelwith well shapedtrian-
gles. This subdivision schemecanintroduceT-vertices,
whichweremove in apost-processingstepby additional
trianglesubdivision (Fig. 3(b), (c)).

We use this simple subdivision algorithm becausethe
subdivision schemeitself is not the focusof this work.
Weratherconcentrateonthetriangleerrorestimateguid-
ing the subdivision. A more sophisticatedsubdivision
schemeis given,e.g.,in [Baumetal. 1991].

3.3 Error Estimate

Theerrormeasurewe areseekingto estimateis givenin
Equation1. We estimateit by assumingit to bepropor-
tional to thesumof local contrastsalongtriangleedges,
eD � e(v1;v2) + e(v2;v3) + e(v3;v1) . Thecontrastmeasurefor
edge(v1;v2) betweenverticesv1 andv2 inspiredby the
Michelsonconstrast1 is

e(v1;v2) � max
k`k= 1

jL(v1; `) � L(v2; `)j
L(v1; `) + L(v2; `)

:

In thecontext of precomputedradiancetransferonLam-
bertiansurfaces,theluminanceL(x; `) is givenby thedot
productL(x; `) = htxjli , wheretx is thetransfervectorat
x andl is theSH coef�cient vectorof illumination. The
edgecontrastbecomes:

e(v1;v2) � max
klk= 1

jhtv1jli � htv2jlij
htv1jli + htv2jli

1De�ned as Lmax� Lmin
Lmax+ Lmin

, whereLmax is theluminanceof a lighterarea
of interestandLmin is theluminanceof anadjacentdarkerarea.
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Figure 3: Triangle subdivision usedin the algorithm.
(a) Regular subdivision. (b) Subdivision usedin post-
processto remove T-vertices.(c) Exampleof a T-vertex
removal usingthesubdivision form (b).

= max
klk= 1

jhtv1 � tv2jlij
htv1 + tv2jli

= max
klk= 1

j ktv1 � tv2k klkcos6 (tv1 � tv2; l)j
ktv1 + tv2k klkcos6 (tv1 + tv2; l)

= max
klk= 1

j ktv1 � tv2kcos6 (tv1 � tv2; l)j
ktv1 + tv2kcos6 (tv1 + tv2; l)

:

An additional constrainton the illumination vector l
is that it representsa non-negative function (light is
never negative). We want to maximize the func-
tion j cos6 (tv1 � tv2; l) j=cos6 (tv1 + tv2; l) over all non-
negative unit illuminations. We haven't succeededin
solvingthis problemanalyticallyandinsteadwe assume
that the maximumis a constantindependentof tv1 and
tv2. Weused

e(v1;v2) =
ktv1 � tv2k
ktv1 + tv2k

(2)

asthe �rst measureof theedgeerror. Thedisadvantage
of this error measureis that it promotessubdivision in
shadowedareastoomuch.This is becauseof thedenom-
inatorktv1 + tv2k in Equation2; themoreshadowed the
triangleis, the lower ktv1 + tv2k is ande(v1;v2) becomes
very high even for low differencebetweenthe transfer
vectorstv1 andtv2 (Figure4(a)).

Thisobservationmotivatedusto removetheproblematic
denominatorandusetheerrormeasure

e(v1;v2) = ktv1 � tv2k; (3)

which is simply theL2-distancebetweenvectorstv1 and
tv2. The resultsobtainedwith this error estimate(Fig-
ure4(b))correspondto ourexpectationsbetterthanthose

(a) (b)

Figure4: Comparisonof theerrormeasures(2) and(3).
(a) Error measure(2): division by ktv1 + tv2k promotes
subdivision in shadowedareas.Theplaneunderthebox
andthebottomof theboxaresubdividedtoomuch,even
thoughthegradientof illumination in thesepartscannot
behigh. (b) Errormeasure(3): thedenominatorfrom (2)
is removed. The bottomof the box is lesssubdivided.
Thereis moresubdivision on thesidesof thebox andon
theplanearoundthebox,wheretheilluminationgradient
canbehigh.

obtainedwith Eq. 2. By further experimentationwe
have found that error measure(3) gives good results
for �at surfaces,but promotestoo many subdivisionson
curved surfacesin comparisonto �at ones. To rectify
this problemwe divide measure3 by the divergenceof
triangle normals. The �nal error measurefor triangle
D= (v1;v2;v3) is

eD =
ktv1 � tv2k+ ktv2 � tv3k+ ktv3 � tv1k

1+ a 6
�

n1; n1+ n2+ n3
kn1+ n2+ n3k

� ; (4)

wherea is a userspeci�ed constantandn1, n2, n3 are
trianglenormals.
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(a) (b)

Figure5: (a) Uniform subdivision (1953verticesand3504triangles). (b) Adaptive subdivision (1540vertices,3720
triangles).

4 Results

Figure1 shows renderingsof a modelwith threediffer-
entsubdivisionlevels.The�rst two rowsshow themodel
under two different illuminations, the third row shows
the triangulations. We usedsphericalharmonicsof or-
der 6 for precomputedradiancetransfer(length of the
transfervector is 36). The model is illuminated by an
approximationof a point light source.Figure1(a)shows
the original modelcontaining200 verticesand246 tri-
angles.This is not suf�cient to samplethe transferop-
eratoradequatelyandresultsin severeinterpolationarti-
factsin theshadow. Figure1(b) shows uniform subdivi-
sionof theoriginalmodel(1565verticesand2584trian-
gles). This leadsto a suf�cient samplingof the transfer

operatorfartherfrom thecolumn,but therearestill vis-
ible artifactson the shadow boundarynearthe column.
Figure1(c) shows theresultsof ouradaptive subdivision
(1188vertices,2828triangles).Theplaneis subdivided
much more nearthe column wherethe shadow can be
quitesharp.Theartifactsnearthecolumnaremuchless
visible.

Figure5 comparesuniformandadaptivesubdivision in a
morecomplicatedcon�guration. With theuniform sub-
division, the transferoperatoris undersampledon the
�oor in proximity of the knot object. Adaptive subdi-
visionre�nes themeshmorein thisareaandremovesthe
mostsevereartifactsfrom theuniformsubdivision.
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5 Conclusions and Future Work

We have presentedan approachto adaptive subdivision
of mesheswith precomputedradiancetransfer. The ob-
jectiveis todecreasetheinterpolationerrorthatcanoccur
if the radiancetransferoperatoris undersampled.The
subdivision is performedin preprocessandno dynamic
subdivision is thereforerequiredat render-time. The
mostimportantpartof thesubdivisionalgorithmis theer-
ror measurewhichestimatestheworstcaseinterpolation
error for a triangleover all possibleilluminations. We
proposedan empiricalmeasurethat wasinspiredby es-
timatingworstcasecontrastover triangleedges.For our
testscenesthe renderingquality with adaptively subdi-
videdmodelsis superiorto thatof uniformly subdivided
models.

In futurework weplanto extendtheapproachto precom-
putedradiancetransferwith generalBRDFs. We also
want to relatethe error measureon curved and�at sur-
facesin amoreprincipledway.
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